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I. INTRODUCTION 
A. The Problem 
The problem considered in the present study is that of the flow 
of a Newtonian fluid in an annular passage (Fig. 1.1) whereby heat 
may be supplied or removed from either or both walls of the passage. 
Annular geometries are found in many important engineering 
applications. Fuel assemblies in nuclear reactors are one such 
application since annular test sections are often used to evaluate 
the heat transfer performance of various types of fuel elements. 
The differences in configuration in this case are often accounted for 
by use of Hall's transformation [1]. Even when the fuel elements 
consist of a bundle of rods, it has been shown by Sutherland [2] 
that the flow around each rod can be approximated as annular flow 
provided that the pitch/diameter ratio is greater than 1.1 and that 
there are at least 20 rods per bundle. In addition, the poison rods 
(which are subjected to high heat flux due to neutron absorption) 
have annular flow around them since they are contained in guide tubes 
which form annuli. Other applications of annuli are found in some 
propulsion systems and in many areas of the thermal process and 
other industries which utilize fluid flow equipment. In these 
applications, equipment is often designed to operate in the turbulent 
flow regime, however, it is possible that laminar flow be employed 
at low circulation rates, at low power operation, or obtained 
unintentionally following an accident. 
2 
q2(x) OR Tgfx) 
u^(r) 
AXIS OF 
SYMMETRY 
Fig. 1.1. A concentric annular passage 
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Because of the high temperatures involved in many of these 
applications, property variations may greatly influence the 
temperature and velocity distributions. In many situations, 
predictions based on constant property assumptions do not yield 
sufficiently accurate results for design purposes. Few, if any, 
variable property analyses or prediction methods have been proposed 
to date which appear capable of reliably and accurately treating the 
variety of possible hydrodynamic and thermal boundary conditions 
which occur in annular flows. 
In the limiting cases of very small and very large radius ratios 
(r* ->• 0 and r* 1, respectively), the annular geometry is reduced 
to the circular pipe and parallel plate channel, respectively. 
However, in general, annular flow is characterized by markedly 
asymmetric distribution of the flow parameters. This alone provides 
enough motivation for a researcher to study this somewhat complicated 
geometry since several features of the flow structure remain concealed 
in simple duct flows by virtue of symmetry. 
In the present study, a finite-difference method is developed for 
the prediction of laminar and turbulent heat transfer in straight 
annular passages whereby the governing partial differential equations 
for conservation of mass, momentum, and energy are solved numerically. 
Although this type of computational approach has been used for 
a number of years [3-5], few definitive studies have been noted 
(particularly for turbulent flows) whereby predictions have been 
compared with experimental data for flows in the annular geometry with 
4 
heat transfer. The lack of well-tested prediction methods may be partly 
attributed to the difficulties associated with accurately modeling the 
turbulent transport mechanism in asymmetric flows where thermal 
boundary conditions force temperature and velocity profiles to be 
quite dissimilar. In any event, it would appear unwise to assume that 
prediction methods and turbulence models applicable to pipe flows 
would also be satisfactory for the annular geometry without careful 
verification. 
B. Previous Studies in Annular Passages 
A brief review of the earlier studies made for laminar and 
turbulent flow heat transfer is given below. 
1. Laminar flow and heat transfer 
a. Theoretical work Numerous theoretical studies have been 
made for flow and heat transfer in annular passages; most of these 
assumed that the fluid properties were constant. Lamb [6] was the 
first to solve the hydrodynamic problem to obtain an analytical 
expression for the fully developed velocity profile. The first 
known analytical attempt to solve the annulus heat transfer problem 
was made by Jakob and Re es [7]. For thermally developed flow they 
were able to integrate the energy equation directly for constant 
wall heat flux at the inner wall with the outer wall insulated. 
Reynolds et al. [8] generalized the problem of constant property 
heat transfer in annular passages for hydrcdynamically developed flow. 
5 
They suggested that solutions to problems having rather complex thermal 
boundary conditions can be obtained just by superimposing a variety of 
simpler solutions. Four kinds of fundamental solutions were considered 
necessary to handle most types of boundary conditions. The boundary 
conditions for these solutions are 
1. Fundamental solution of the first kind 
Wall 1 - Uniform wall temperature with a step change 
occurring at the start of heating. 
Wall 2 - Maintained at inlet temperature. 
2. Fundamental solution of the second kind 
Wall 1 - Uniform wall heat flux. 
Wall 2 - Insulated. 
3. Fundamental solution of the third kind 
Wall 1 - Uniform wall temperature with a step change 
occurring at the start of heating. 
Wall 2 - Insulated. 
4. Fundamental solution of the fourth kind 
Wall 1 - Uniform wall heat flux. 
Wall 2 - Maintained at inlet temperature. 
Since the boundary conditions on Wall 1 and Wall 2 can be inter­
changed, there are actually a total of eight sets of boundary conditions. 
Lundberg etal. [9] presented solutions to all four fundamental problems 
along with their combinations. Their solution for large x'*'(=x/D^ RePr) 
utilized separation of variables and an eigenfunction expansion 
procedure [10]. For small values of x"*", the above solution converges 
very slowly, hence the Leveque [11] approximation was used near the 
point of start of heating. 
The underlying assumption in the Leveque method is that since for 
+ 
small X the thermal boundary layer is thin compared to the momentum 
boundary layer, it can be assumed that the velocity distribution is 
linear instead of that given by Lamb [6] but having the same slope at 
the wall. Another assumption in this method is that the effect of 
curvature is small in the thin thermal boundary layer so that the 
diffusion term in the energy equation (see next chapter) can be 
approximated as 
r h  
The solutions presented by Lundberg et al. [9] are restricted to 
constant property flow. Further, it is noted that the concept of 
superposition suggested in [8] is mathematically invalid for variable 
property flows since property variation causes the energy equation to 
become nonlinear. 
The problem of simultaneous development of velocity and temperature 
fields in laminar flow was considered by Heaton et al. [12]. The 
solution was obtained first for the hydrodynamic problem, and then 
for the combined hydrodynamic and thermal problem by an integral 
method. Thermal boundary conditions corresponded to the fundamental 
solution of second kind. Coney and El-Shaarawi [13-14] presented a 
finite-difference analysis of the problem with one wall isothermal and 
the other wall adiabatic. They used an implicit finite-difference 
7 
scheme. 
Shumway and McEligot 115] were the first to study the problem of 
variable property heat transfer in laminar flow through an annular 
passage. They employed an implicit finite-difference method based on 
the control volume approach used by Bankston and McEligot [4]. Solutions 
for developing flow with boundary conditions corresponding to all four 
kinds of fundamental problems were obtained for r* = 0.25. A detailed 
account of their work is given by Shumway 116]. 
In all studies mentioned above, only forced flow was considered 
and buoyancy effects were assumed to be negligible. Sherwin and Wallis 
[17-19] studied laminar upward and downward flow with the effect of 
buoyancy employing the Boussinesq approximation (see, e.g., [20]) in 
which properties are assumed to be constant except for the density 
in the buoyancy term. They considered both fully developed and 
developing flow. By assuming a fully developed velocity profile at 
the entrance, Tanaka and Mitsuishi [21] solved the energy equation 
using the Crank-Nicolson method [22]. The velocity profile was 
calculated at each streamwise station by trial and error in order to 
take account of buoyancy and temperature dependence of viscosity. 
A more detailed review of some of the earlier analytical studies 
for constant property flow and heat transfer is given by Shah and 
London in [23]. 
b. Experimental work Heaton et al. [12] took measurements 
(for Pr = 0.7) in the simultaneous velocity and thermal development 
region in order to compare their predictions with experimental data. 
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Almost all other experimental work has been for fully developed flow, 
an account of which can be found in [16]. / 
Sherwin and Wallis [19] obtained limited heat transfer data for 
combined natural and forced convection in a vertical annulus of 
r* = 0,33 using water. In the experiment, the inner wall was heated 
while the outer wall was insulated. They also performed flow 
visualization studies in order to observe flow reversal near the 
unheated wall. Okuno and Sugita [24] measured temperature profiles in 
a vertical annulus (r* = 0.3) in which water was flowing upward. The 
inner wall was cooled while the outer wall was heated. The range of 
Reynolds number investigated was from 30 to 200, The flow at the 
start of heating was fully developed. The radial temperature profiles 
near the early thermal entrance region showed upward convex curvature 
near the inner wall. This they attributed to the possible flow 
reversal near the cooled inner wall. 
Maitra and Subba Raju [25] obtained experimental data for a Réynolds 
number range of 200-1200 and Rayleigh numbers up to 2.5 x 10^ for 
water flowing in an annulus (r* = 0.38) with constant heat flux at the 
inner wall. Their results show a strong influence of buoyancy on heat 
transfer. 
2. Turbulent flow and heat transfer 
a. Theoretical work The theoretical work performed for the 
hydrodynamic and thermal problem can be grouped according to the 
assumptions made for simulating turbulent transport of momentum and 
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heat. According to this classification, three groups can be formed in 
which the turbulence models employed were one of the following types: 
(1) eddy viscosity type models 
(2) mixing length models 
(3) transport equation models 
Most of the analyses made to date fall in the first category as 
they have, generally, used an assumed distribution for eddy viscosity 
in modeling turbulence quantities. Also, most of these have been for 
fully developed flow. 
Kays and Leung [26] employed an eddy viscosity distribution in 
the turbulent core region which was a modification of the proposal made 
by Reichardt [27] for pipe flow. The modifications were purely empirical 
and were made to obtain a fit to the measured eddy viscosity. In the 
laminar sublayers, Kays and Leung used a modification of the eddy 
viscosity suggested by Deissler [28] for pipe flow. Eddy conductivity 
was related to eddy viscosity through a turbulent Prandtl number (Pr^) 
which was assigned a value of 1 in the laminar sublayers. In the main 
stream, however, Pr^ was calculated using the Jenkins model [29] and 
was divided by a constant factor of 1.2 so as to bring the calculated 
heat transfer results for air in a circular tube into line with the 
experiments. Their method consisted of solving the ordinary differential 
equation for a fully developed temperature profile employing a log-law 
velocity profile which was inconsistent with the assumed eddy viscosity 
distribution. This inconsistency was allowed in order to avoid zero 
eddy viscosity at the radius of maximum velocity, r^. Quarmby and 
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Anand [30], assuming the same eddy viscosity distribution as suggested 
by Kays and Leung, presented a solution to the thermal entrance problem 
using an eigenfunction expansion method. In both of these studies, the 
location of maximum velocity was assumed to be known a priori and was 
calculated using the correlation due to Kays and Leung [26], 
" ^1 _ . 0.343 
rz - ^ (I'l) 
Ying [31] calculated fully developed flow and heat transfer in 
annuli with roughened cores using an eddy viscosity which was prescribed 
by fitting simple ramp functions to the data of Jonsson and Sparrow [32] 
on each side of the radius of zero shear which was assumed to be the 
same as the radius of maximum velocity. This curve fitting allowed a 
discontinuity in the eddy viscosity at the radius of zero shear, which 
is unrealistic. His method was based on solving ordinary differential 
equations for fully developed velocity and temperature profiles using a 
Runge-Kutta integration technique [33]. Poor results for friction 
factors and temperature profiles for annuli with rough cores were 
obtained. Durst [34], later on, improved upon Ying's work and 
eliminated the discontinuity in the prescribed eddy viscosity. In both 
of these studies a constant value of Pr,j(=0.9) was used. Lawn and 
Elliot [35] and Lawn [36] employed Ying's method in their studies. 
Levy [37] derived a rather cumbersome expression for the velocity 
profile in fully developed turbulent annular flow. In his analysis 
Levy assumed that Reichardt's [27] expression for eddy viscosity in 
pipe flow was applicable in a modified form to the flow on both sides 
11 
of the radius of zero shear which was assumed to be the same as the 
radius of maximum velocity. The universal mixing length constant (or 
von Karman constant), K, appearing in Reichardt's eddy viscosity 
expression was assigned a value of 0,4 near the outer wall while for 
the inner wall, it was allowed to depend upon radius ratio and r^ 
which was assumed to be known. Roberts [38], essentially following 
Levy's analysis, obtained a simpler empirical expression for the 
velocity profile. 
One of the earliest attempts to solve for simultaneous growth of 
hydrodynamic and thermal boundary layers in the entrance region of an 
annulus is due to Wilson and Medwell [39]. Their analysis employed 
integral techniques to solve the momentum and energy equations while 
the eddy viscosity distribution used was based on the suggestion of 
Levy [37] for fully developed flow. However, K was assigned a value 
of 0.4 near both the inner and outer walls. Independently, Lee and 
Park [40] employed similar techniques to analyze the simultaneous growth 
of hydrodynamic and thermal boundary layers. Their turbulence model was 
also similar to that of Wilson and Medwell, the only difference being 
that K near the inner wall was allowed to vary in the streamwise 
direction. In order to be able to calculate K near the inner wall, 
the thickness ratio of the developing boundary layers was assumed equal 
to that of the fully developed flow, an assumption which is generally 
not true. 
No heat transfer study has been noted which falls in the second 
group, namely the mixing length model approach. The studies which 
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employed the mixing length model for the hydrodynamic problem include 
those of Barrow et al. [41], Quarmby [42], and Sharma et al. [43]. All 
of these studies were for fully developed flow. 
Barrow et al. [41] investigated the velocity distribution in fully 
developed turbulent annular flow using Goldstein's [44] extension of 
the similarity hypothesis of von Karman [45]. According to Goldstein, 
for turbulent flows, the characteristic length, the stress and the 
rate of transfer of (rx) are respectively given by 
Barrow et al. used these equations, along with the assumptions that the 
radius of maximum velocity for turbulent flow is the same as given by 
Lamb [6] for laminar flow to obtain integral relations for the velocity 
defect on both sides of the radius of maximum velocity. Their analysis 
showed poor agreement with the experimental data on the inside of the 
radius of maximum velocity. 
Quarmby [42] used Deissler's [28] eddy viscosity expression in the 
sublayers. In the main stream, however, he employed the von Karman 
similarity hypothesis which gives characteristic turbulence length 
scale as 
T = P&2 (d^)2 
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The shear stress was given as 
T = (y + du 
dy 
\ du 
' d7 
The solution was obtained using a Runge-Kutta technique after 
several assumptions were made about parameters such as the radius of 
maximum velocity, the points where the velocity profile was to be 
matched with the sublayer profiles, and the constants appearing in 
Deissler's eddy viscosity distribution. 
Sharma et al. [43] studied the effect of a rotating core tube on 
the fully developed turbulent flow through an annulus using a mixing 
length model whereby the mixing length was assumed to vary linearly 
with the distance from the walls. Very close to the wall:;., van Driest's 
[46] damping function was employed while a constant level of the mixing 
length was assumed in the central region of the annulus. They used a 
calculation procedure similar to that described in [3]. 
Only two studies have been noted which employed turbulence models 
involving transport equations. Hanjalic [47] solved the transport 
equations for turbulence kinetic energy, its dissipation rate and 
shear stress along with the mean momentum equation to obtain a solution 
for fully developed flow in smooth and rough annuli. He used a 
modification of the Patankar and Spalding numerical procedure [3]. 
The very recent work of Heikal et al. [48], which appeared in the 
literature in the final stages of the present study, employed a two 
equation (k-e) turbulence model for the prediction of simultaneously 
developing hydrodynamic and thermal boundary layers. This analysis 
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[48], which employed a Crank-Nicolson difference scheme and followed 
the procedure suggested by Briley [49] for determining streamwise 
pressure gradient, appears to be quite expensive in terms of computer 
time. They reported that typically 60 seconds were required on a 
CDC 7600 which is several times greater than the time required by the 
calculation scheme to be described in the present study. 
Other theoretical studies of turbulent flow in an annulus with or 
without heat transfer include that of Clump and Kwasnoski [50], Lee 
[51], Wilson and Medwell [52], Lee and Park [53], and Chung et al. [54]. 
No study is known to the author which considered variable property 
turbulent heat transfer. 
b. Experimental work Numerous experimental studies have been 
noted for turbulent flow in annular passages with and without heat 
transfer. In most of these investigations, gases (generally air) were 
used as the working fluid. Generally, mean velocity profiles, 
temperature profiles and Nusselt numbers were measured; however, some 
investigations also involved measurements of turbulence quantities. 
Below, an account of the experimental work is given separately in two 
groups. First, those studies will be discussed which dealt with only 
the hydrodynamic problem. Secondly, the studies which also involved 
heat transfer measurements will be described. 
Hydrodynamic problem: Rothfus [55] made an extensive 
survey of the literature to 1948 dealing with friction factors for 
annular flow and measured both friction factors and velocity distributions 
for the flow of air in annuli at Reynolds numbers in the transition and 
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low turbulent range. It is generally believed that the transition 
Reynolds number for an annulus is about the same as for a circular 
tube. Lonsdale [56] made velocity measurements for the flow of water 
in nine vertical annuli whose radius ratio varied from 0.01 to 0.803. 
His measurements show that the transition Reynolds number for an annulus 
lies in the range of 2000 to 3000. Knudsen and Katz [57] also suggest 
a value of about 2000. However, in the entrance region, if the 
turbulence intensity is low and the inlet is smooth, laminar flow may 
persist for considerable distance even for Reynolds numbers much 
greater than 2000. Heaton et al. [12] report that, in a certain annulus, 
laminar flow was found to remain for 11 times the hydraulic diameter 
with a Reynolds number of over 29000 with transition occurring a little 
sooner on the inner wall than on the outer wall. 
Brighton and Jones [58] studied fully developed turbulent flow in 
four annuli (r* = 0.0625, 0.125, 0.375 and 0.562) for a range of 
Reynolds numbers. They presented mean velocity profiles, friction 
factors and distributions of three components of turbulence intensity 
and Reynolds stress. 
It was found that for the range of parameters studied, friction 
factors depend only on Reynolds number and not on radius ratio. The 
location of maximum velocity was found to be nearer to the inner wall 
than for laminar flow. Also the zero Reynolds stress and maximum 
velocity were found to occur at the same point. This last conclusion 
was contradicted in some later studies. As noted in the discussion 
of the paper [58], the expression suggested by Kays and Leung [26] for 
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radius of maximum velocity correlates data of Brighton and Jones 
within a few percent. 
Quarmby [59] presented results of experiments carried out in fully 
developed turbulent flow in three smooth annuli (r* = 0.107, 0.178 and 
0.347) with air as the working fluid and for the Reynolds number 
range of 6000 to 90,000. His measured velocity profiles did not show 
a universal logarithmic region except near the outer wall and then 
only for the smaller radius ratios at the higher Reynolds numbers. 
No effect of radius ratio on the friction factor could be identified 
in Quarmby's study. His data along with results from some earlier 
investigations lie between the parallel plate correlation, 
fp = 0.087 (Re)"0'25 (1.2) 
and the well-known Nikuradse correlation for pipe flow. 
^ = 4.0 log (Re y?,) -0.40 (1.3i 
/I P 
P 
for Reynolds numbers less than about 100,000, while for higher Reynolds 
numbers the data are close to the latter expression. The friction 
factor in these correlations is defined as 
' p = :  
b 
Lawn [60] and Lawn and Elliot [35] have obtained extensive data 
for fully developed flow through annuli for three different radius 
ratios (r* = 0.088, 0.176 and 0.396). Significant deviations from the 
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universal law of the wall were noticed in the velocity profiles 
associated with the inner wall except for annulus with r* = 0.396. 
Also, it was found that the position of zero shear and maximum velocity 
do not coincide and that the position of zero shear, and not the radius 
of maximum velocity,can be accurately located by the correlation of 
Kays and Leung, Eq. (1.1). In the experiment, the position of zero 
shear was located using the x-wire technique as described in {35]. 
The structure of the turbulence of fully developed flow through 
three concentric annuli with small radius ratios (r* = 0.0198, 0.0396 
and 0.0998) was investigated by Rehme [61] for a Reynolds number range 
of 2x10^ - 2x10^. Turbulent shear stresses and all three turbulent 
intensities were measured. He found that the main difference between 
symmetrical and asymmetrical flows is that, for the latter, the 
diffusion of turbulent energy plays an important role and that this is 
the reason for noncoincidence of the positions of zero shear and 
maximum velocity. The results of Rehme [62] show a tendency for the 
zero shear position to be nearer to the inner wall than indicated by 
the experimental values of Lawn and Elliot [35]. A similar trend was 
noted for the radius of maximum velocity. 
Contrary to most of the earlier investigations, Rehme reports that 
his results, even for large curvature at the inner wall, do not exhibit 
differences from the logarithmic velocity profile near the wall, 
especially for high Reynolds numbers. 
Olson and Sparrow [63] carried out static pressure measurements 
in the entrance region of annuli with water as the working fluid. Both 
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square and rounded entrances were employed. Later Okiishi [64] under­
took an investigation in the entrance region of two annuli (r* = 0.344 
and 0.531) with square and rounded entrances. Air was used as a working 
fluid and developing axial velocity profiles were measured. In both 
of these studies, laminar-turbulent transition was observed to occur 
in the rounded entrance annuli. 
Lee and Park [53] made some mean flow measurements in the entrance 
region of four annuli in order to make comparisons with their 
predictions. Boundary layers were tripped at the entrance so that flow 
was turbulent right from the beginning. 
Thermal problem: Kays and Leung [26] made heat transfer 
measurements for air in four annuli (r* = 0.192, 0.255, 0.375 and 0.5) 
with the thermal boundary condition corresponding to the fundamental 
solution of second kind. The Reynolds number range was from 10,000 up 
to 160,000. Measurements in the thermal entrance region were taken in 
order to obtain the fully developed results by extrapolating. Later, 
Lee and Barrow [65] presented results for fully developed heat transfer 
from a uniformly heated core tube. The radius ratios studied were 
0.258, 0.387 and 0.613 and Reynolds number ranged from 10,000 to 50,000. 
The results of these authors disagree with reference [26] by as much 
as 20 percent. 
Quarmby [66] obtained results in the thermal entrance region for 
air flowing in annuli (r* = 0.109, 0.174, 0.347) with a Reynolds number 
range of 5000 to 270,000. The inner wall was heated uniformly while 
the outer wall was insulated. Quarmby correlated his data as. 
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log Nu = -K + 0.706 log Re (1.5) 
where 
log K = 0.1658 + 0.1056 log r* 
Ball and Azer [67] measured velocity and temperature profiles for the 
flow of air in an annulus of radius ratio 0.25. Eddy viscosity and 
turbulent Prandtl number distributions were also calculated. Kuzay 
and Scott [68,69] also measured velocity and temperature profiles in 
an annulus with r* - 0.556 whereby the outer wall of the annulus was 
heated. The core tube was allowed to rotate in order to study the 
effect of rotation on the axial flow and heat transfer. Eddy viscosity 
and turbulent Prandtl number distributions were calculated using 
measured velocity and temperature profiles. A detailed description of 
the experiment and results is given by Kuzay [70]. 
Furber et al. [71] performed experiments to determine local Stanton 
numbers and overall pressure drop for two annular channels of radius 
ratios 0.68 and 0.83. Tests were carried out with helium and nitrogen 
under high pressures and the effect of variable properties was 
identified. Dalle Donne and Meerwald [72] used air to study the effect 
of high heat fluxes on Nusselt number. The radius ratios used were 
0.5 and 0.72 and inner heated wall temperatures up to 1000°C were 
obtained. They correlated their data for Nusselt number as 
Dwyeretal. [73] have obtained data for the fluid dynamics and heat 
transfer characteristics of mercury in.fully developed turbulent flow 
(1.6) 
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through annul! (r* = 0.25, 0.36 and 0.48) with heat supplied at the 
inner wall only. Reference [73] presents eddy conductivity profiles 
while the hydrodynamic results have been presented by Hlavac et al. 
[74] and Dwyer et al. [75]. The heat transfer data referred to in [73] 
have not been published to date. 
Ornatskiy et al. [76] have obtained limited data for heat transfer 
to water flowing in an annulus under supercritical pressures. 
Other heat transfer studies for hydrodynamically developed flow 
are those of Petukhov and Roizen [77], Michiyoshi et al. [78], and 
Nyamira and Vilyamas [79]. 
Relatively few experimental studies have been made for the 
simultaneous growth of hydrodynamic and thermal boundary layers. Roberts 
and Barrow [80] obtained local Nusselt number data for two internally 
heated annuli (r* = 0.25 and 0.476) with air as the working fluid. Lee 
and Park [40] also obtained data in the entrance region. 
Recently, Heikal et al. [48] made measurements of turbulence 
characteristics, mean flow and heat transfer parameters in the entrance 
region of an annulus of radius ratio 0.25 over a range of Reynolds 
number from 13,000 to 190,000. The effect of varying free stream 
turbulence at the entrance on skin friction and heat transfer was 
studied. High turbulence intensities at the inlet were seen to produce 
an increase of friction and heat transfer in the entrance region. 
In closing this section on experimental studies in turbulent flow 
through annular passages it seems appropriate to comment on the 
general validity of the two correlations (Eqs. (1.5) and (1.6)) presented 
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for Nusselt number. Table 1.1 gives a comparison of Nusselt numbers for 
four different radius ratios as predicted by the correlation suggested 
by Quarmby [66] and that due to Dalle Donne and Meerwald [72]. 
Comparisons are made for five different Reynolds numbers ranging from 
20,000 to 300,000. It can be seen that the predictions of these two 
correlations, in general, do not agree well; the discrepancy being as 
large as 29 percent. Quarmby's measurements were made for r* = 0.109, 
0.174 and 0.347 while Dalle Donne and Meerwald used r* = 0.5 and 0.72. 
The two correlations agree more closely at smaller radius ratios, i.e., 
the range in which Quarmby made his measurements; however, it can be 
concluded that such correlations cannot be used with a great deal of 
confidence in a variety of situations. Therefore, a general method 
for prediction of heat transfer with a wide range of applicability seems 
quite desirable. 
C. Scope of the Present Study 
As was indicated earlier, no significant analytical or numerical 
solution method has been noted to date which appears capable of treating 
variable property heat transfer in laminar and turbulent flow through 
annular passages. The major challenge, for turbulent flows, lies in 
modeling sufficiently accurately the transport of momentum and heat 
which takes place due to turbulence fluctuations. This seems 
particularly true for a geometry such as an annular duct because of 
the asymmetry involved which influence the flow structure. The 
prediction methods which have been proposed for constant property flows 
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Table 1.1. Comparison of Nusselt numbers as predicted by the correlation 
of Quarmby [66] and Dalle Donne and Meerwald [72] 
r* Re Quarmby Dalle Donne 
and Meerwald 
7c Difference 
0.1 20,000 77.2 62.2 +24.1 
50,000 147 129.6 +13.8 
100,000 241 226 + 6.6 
200,000 392 393 - 0.1 
300,000 523 543 - 3.8 
0.25 20,000 59 53.7 + 9.8 
50,000 113 112 + 0.8 
100,000 184 195 - 5.6 
200,000 300 339 
-11.6 
300,000 400 469 -14.9 
0.5 20,000 47.3 48.1 - 1.7 
50,000 90.4 100 - 9.7 
100,000 147 174 -15.5 
200,000 240 304 -20.8 
300,000 320 420 -23.8 
0.75 20,000 41.3 45 - 8.3 
50,000 78.8 93.9 -16.1 
100,000 128 163 -21.3 
200,000 210 284 -26.2 
300,000 279 393 -29.1 
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have generally been applied to specialized situations or have not been 
well tested and therefore are limited in scope. 
In the present study an explicit finite-difference method is 
developed for the prediction of variable property laminar and turbulent 
flow heat transfer in annular passages. Both developing and fully 
developed flows are considered. As for turbulence modeling, the 
approach has been to identify the simplest turbulence models which will 
work satisfactorily for predicting both the hydrodynamic and thermal 
development. While use is made of the mixing length hypothesis to 
model the Reynolds stress term, - pu'V, a one-dimensional length scale 
transport equation is proposed to calculate mixing length in the outer 
region of the boundary layers. This model predicts correctly the 
behavior of the interacting merging shear layers in an annular duct. 
IWo other turbulence models are also developed. While one is just a 
simple modification of the length scale model, the other model employs 
a transport equation for turbulence kinetic energy. 
The present report is organized mainly into five chapters. In 
Chapter II, the complete mathematical model is developed including 
turbulence modeling and the assumptions made are clearly identified. 
The mathematical model is general in that it is applicable to laminar 
or turbulent flow of any Newtonian fluid. Viscous dissipation and 
compression work terms are contained in the thermal energy equation 
while axial conduction is neglected. A brief account of the numerical 
method developed to solve the mathematical model is given in Chapter III. 
The finite-difference scheme employed has clear advantages, especially 
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for variable property flows. Although the scheme is explicit, fairly 
large streamwise steps can be taken. 
In Chapter IV, the validity of the calculation procedure and the 
proposed turbulence model is tested by comparing the predictions with 
the available experimental data and the prediction of some other 
calculation methods. The main conclusions and recommendations are 
given in Chapter V. 
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II. ANALYSIS 
In this chapter, partial differential equations derivable from basic 
conservation laws are described and the simplified versions of these 
equations, both for laminar and turbulent flows, actually to be solved 
are presented. A turbulence model is developed which utilizes a simpli­
fied transport equation for the characteristic mixing length scale in 
the outer (central) part of the flow. Another model which employs a 
turbulence kinetic energy transport equation along with the length 
scale is also described. The effect of large transverse curvature on 
turbulence and laminar-turbulent transition is also discussed. 
Appropriate boundary conditions are provided to complete the 
mathematical model. Engineering parameters of interest, such as 
skin-friction coefficient and Nusselt number, are defined in the last 
section. 
A. Governing Partial Differential Equations 
1. Geometry and coordinate system 
The coordinate system chosen for the present analysis is presented, 
along with the annular passage, in Fig.2.1. It is assumed that the 
annulus is concentric and the flow in it is axisymmetric. 
Axial and radial coordinates are denoted by x and r respectively. 
The domain of calculation is 
X > 0 
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Fig. 2.1. Coordinate system used for the analysis 
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where 
0 < ~ < 1 
^2 
For convenience, another coordinate y can be defined such that 
3 3 y = ^ ^
Wall boundary conditions will be specified at y = 0 (inner wall) 
and y = r^-r^ = r^ (outer wall). 
For the reasons which will become obvious later the distance 
from the walls is defined as 
y. -
where w = 1, 2 corresponds to the inner and outer walls of the annulus, 
respectively. 
2. Basic conservation laws 
Fluid flow with heat transfer is governed by three basic principles, 
namely; conservation of mass, momentum, and energy. Governing equa­
tions derivable from these principles are described below. 
a. Conservation of mass The principle of conservation of mass 
requires that the Lagrangian derivative of the mass of fluid contained 
in an element should be zero. This leads to the following partial 
differential equation, called the continuity equation, for an axisym-
metric flow [81]: 
If + (pu) + i (prv) = 0 (2.1) 
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b. Conservation of momentum The principle of conservation of 
momentum, which in effect is an application of Newton's second law of 
motion to an element of the fluid, together with the constitutive 
relation for a Newtonian fluid yields the well-known Navier-Stokes 
equations which for axisymmetric flow are given as [81] 
where the terms containing the second viscosity coefficient [82] have 
been neglected which is exactly the case for constant density flows 
while, for the variable density case, the neglect of these terms can 
be justified [83] under the boundary layer approximation to be 
described in Section A.3. 
c. Conservation of energy The principle of conservation of 
energy amounts to an application of the first law of thermodynamics 
to a fluid element in motion. This leads to the following partial 
differential equation, called the energy equation, for an axisymmetric 
flow [81, 84]: 
( 2 . 2 )  
(2.3) 
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" lï * r 1^ ' + E' 
+ «1 + 8T(f + U |2 + , |E) (2.4) 
where, internal heat generation and radiative heat transfer have been 
neglected. The viscous dissipation function is given as 
It can be shown that all terms but one can be neglected in on 
the basis of an order of magnitude analysis for boundary layer flows 
to give the simplified viscous dissipation function as 
"i ' 
Eq. (2.4) , then, becomes 
+ + " i# + (2.6) 
3, the coefficient of thermal expansion, appearing in the 
compression work term is defined as 
6 --plr 
which, obviously, will be zero for a constant density flow and will 
equal ^  for an ideal gas. 
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3. Laminar flows 
The equations (2.1-2.3) and (2.6) described in the previous 
section govern all axisymmetric transient laminar flows. These can be 
simplified considerably by using Prandtl's boundary-layer approximation 
[82] which is also frequently referred to as the thin shear layer 
approximation. This approximation is applicable to the flow in annular 
passages at all but very small Re as long as the passage is straight 
or does not have large longitudinal curvature or sudden enlargements 
or contractions. 
In essence, Prandtl's boundary-layer approximation depends on the 
assumption that gradients of quantities such as u across the principal 
flow direction x are at least an order of magnitude larger than gradients 
along X. This assumption permits the neglecting of some terms in Eq. 
(2.2), while Eq. (2.3) reduces to the statement that, for no cross-
stream body forces, pressure is constant in the radial direction. 
The energy equation, Eq. (2.6), is also simplified under this assump­
tion. 
The boundary layer form of the governing equations for steady 
laminar flows with variable properties can be written as 
continuity; 
•|j(pu) + i ^(prv) . 0 (2.7) 
Momentum: 
( 2 . 8 )  
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energy : 
lî ^  „r „ K . i & 4. „ A2 4. RT., d2 
PCp" 37 • 7 57<'* 37' •" "<¥' + dï (2-9) 
Neglecting the term-^(A •^) in Eq• (2.9) implies that axial 
conduction of heat in the fluid is insignificant. This assumption 
needs some attention. In laminar flow, a measure of the relative 
magnitudes of heat transfer by connective transport and by molecular 
diffusion is given by the Peclet number (Pe = RePr). When the Peclet 
number is large, convective transport is large relative to molecular 
diffusion and it can be expected that axial conduction will be negligible. 
Hennecke [85] analyzed the effect of axial conduction on heat transfer 
in the thermal entrance region of a circular pipe using a fully 
developed laminar velocity profile whereby the (elliptic)^ energy 
equation was solved numerically by a finite-difference method. He 
found that the influnece of axial conduction was more pronounced in 
the case of uniform wall temperature than in the case of uniform heat 
flux and suggested that in the former case, axial conduction may be 
neglected if Pe>50 and in the latter if Pe > 10. Schneider [86] 
employed a slug flow approximation in his analysis along with a constant 
wall temperature boundary condition and suggested a critical value for 
Peclet number of 100 under which the effect of axial conduction will 
become significant. 
Nonmetaliic (moderate and high Prandtl number) fluids in laminar 
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flow will rarely have Peclet numbers less than 100. With liquid metals 
(low Prandtl number fluids), however, Peclet numbers less than unity 
are not unexpected and the neglect of axial heat conduction may not 
be justified. In the present study this effect has been neglected 
as there is little if any technological interest in the forced convec­
tion laminar flow of liquid metals. 
It should also be noted that the viscous dissipation term, W(^) ^, 
and compression work, gTu are kept in the energy equation, Eq. (2.9). 
Dissipation increases the temperature of the fluid and consequently 
alters the temperature gradient distribution for heating and cooling 
in opposite direction. A parallel argument holds for the effects of 
compression work, which behaves as a thermal energy sink. Usually, 
viscous dissipation can be regarded as negligible when the Eckert 
number E (= , —=-r)«l; otherwise the viscous dissipation must be 
pi w" b^ 
taken into account [87]. Madejski [88] has shown that compression 
work must be taken into account if viscous dissipation is not negligible 
as both these terms are of the same order and neglect of one will lead 
to inaccuracies in the predicted temperature profile. 
4. Turbulent flows 
It is well-known that turbulence is the most complicated kind of 
fluid motion. Turbulent motion can be assumed to consist of the super­
position of eddies of various sizes and vortices with distinguishable 
upper and lower limits. The upper size limit of the eddies is determined 
mainly by the characteristic dimension of the flow, whereas the lower 
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limit is determined by viscosity effects. Within these smallest eddies 
the flow is of a strong viscous nature, where molecular effects are 
dominant but still the continuum flow assumption is applicable. 
It is generally accepted that turbulence in Newtonian fluids is 
described by the full Navier-Stokes equations (3-D form of Eqs. (2.2) 
and (2.3)) which cannot be solved analytically even for simple flow 
geometries. Any numerical calculation must employ a mesh size smaller 
than the size of the smallest eddies and the time step used should be 
much smaller than the turbulent time scale. Such a calculation is far 
beyond the reach of present day computers. To get an idea about the 
time required for calculating turbulent flows from the first principles, 
Emmons [89] considered turbulent flow through a circular pipe of diameter 
D^. For Re = 5000, he estimates the computing time for a length equal 
to 10 to be 100 years. For a large-scale flow. Re = 10^, he esti­
mates 10^^ years, or about the age of the universe. 
All present day computations of turbulent flows make use of the 
concept, first adopted by Reynolds [90], that turbulent motion can be 
decomposed into a mean motion and a fluctuation, or eddying motion. 
Denoting the time-average of a quantity e by e and its fluctuation by 
e', it can be written that 
e = e + e (2.10) 
where 
t +At 
e = lim 
At-xo 
o 
e(t)dt (2.11) 
o 
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Clearly, the time average is meaningful only if it is independent 
of t^; a random process whose time averages are all independent of 
t^ is called "statistically stationary". Turbulent flow through an 
annular passage with a constant supply pressure at the inlet is an 
example of a "statistically stationary" flow. 
Using Eq. (2.10), the following relations can be written for 
velocity components, pressure, density, and temperature: 
u = u + u' 
V = V + v' 
p = p + p' (2.12) 
p = p + p' 
T = T + T' 
Substituting these relations in Eqs. (2.1-2.3) and (2.6), time 
averaging, and employing the usual boundary layer assumption results 
in the following set of equations for axisymmetric steady turbulent 
flow [83] : 
continuity ; 
^(pu) ^ = 0 (2.13) 
momentum: 
P" + pv (2-14) 
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energy: 
PS" If + ^ 
+ «•"> 
In the above, 
V = (pv + p'v')/p 
The terms -pu'v' and -pC^v'T', appearing in Eqs. (2.14) and 
(2.15), represent the apparent turbulent shear stress and turbulent 
heat flux, respectively, and must be modeled using empirical information 
obtained by studying the behavior of turbulent shear flows. Turbulence 
modeling will be discussed in the next section. 
Again, axial conduction has been neglected in the energy equation 
as was done in the case of laminar flows. With nonmetallic fluids in 
turbulent flow, Peclet numbers will generally be very large; with liquid 
metals, however, Peclet numbers can be as small as 10. Stein [91] states 
that an examination of Schneider's [86] results suggests that, even 
with Peclet numbers as small as 10, the loss of accuracy in predicting 
overall heat transfer rates will not be too serious when axial diffusion 
is neglected. He extended Schneider's analysis to the uniform wall 
heat flux boundary condition and concluded that, with this boundary 
condition, axial heat diffusion can be neglected for all Peclet numbers, 
except at extremely small length to diameter ratios. 
Both viscous dissipation and compression work have been included 
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in the energy equation. Blanco and Gill [92] studied the importance 
of these terms and concluded that the contribution of dissipation 
and compression work to the temperature distribution in gaseous flow 
is significant unless the Eckert number is very small. The net effect 
of dissipation alone in constant density flows and of dissipation and 
compression work in variable density flows is that of increasing the 
heat flux when the fluid is hotter than the wall, and decreasing it 
when the fluid is cooler than the wall. They suggest that including 
dissipation only in the energy equation (for variable density flows) 
will lead to inaccuracies in the temperature distribution. Consequently, 
both terms have been employed in the present study. 
B. Turbulence Modeling 
1. Physics of turbulent flow in an annular passage 
Figure 2.2 schematically depicts the flow configuration in an 
annulus. For the present, it can be assumed that the flow is turbulent 
at the inlet and that the effect of inlet shape can be neglected. This 
effect will be discussed in Section B.7. 
Three flow regimes can be identified in Fig. 2.2. Region I is the 
initial length where the two "external like" boundary layers interact 
with the inviscid core; this region is also known as the "displacement 
interaction" region [93] because the blocking effect of the growing wall 
boundary layers affects the flow speed in the inviscid core. For short 
passages, this may be the only flow regime. A much more complex inter-
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Fig. 2.2. A schematic of the turbulent flow in the entrance region of an 
annulus showing three flow regimes 
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action starts to occur at the beginning of region II, the "shear layer 
interaction" region. Stress containing eddies of one sign penetrate 
into the shear layer of opposite sign and this penetration grows before 
a mutual balance is established which characterizes fully developed flow, 
Region III. It should be noted that, in an annular duct, the position 
where the shear stress changes sign may not be the same as the position 
where the velocity gradient changes sign which makes the situation in 
the region of interaction between the two shear layers obviously more 
complicated as compared to that in a symmetrical duct flow. 
Fully developed flow is unique to internal flows and it is, by 
definition, a flow type that is independent of the inlet or outlet 
states and one where conditions are statistically identical at each 
axial position. The flow in an annular duct becomes fully developed 
after about 50 hydraulic diameters from the entrance. Region II can be 
considered as a "transition region" as, in it, the flow undergoes a 
transition from an "external like flow" (Region I) to "fully developed 
flow" (Region III). 
It will be useful for the discussion in the following sections to 
introduce some of the terminology commonly used in the turbulent flow 
literature. Fig. 2.3 shows a typical mean velocity distribution across 
a turbulent boundary layer. It is the usual practice to treat a 
turbulent boundary layer as a composite layer consisting of inner and 
outer regions, as shown in the figure. 
The inner region of a turbulent boundary layer is much smaller than 
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Fig. 2.3. Semilogarithmic and linear plots of mean velocity 
distribution across a typical turbulent boundary layer 
40 
the outer region, with a thickness of about 10 to 20% of the entire 
boundary layer thickness. It is generally assumed that the mean 
velocity distribution in this region is completely determined by the 
wall shear density p, viscosity y, and the distance y from the 
wall. It is given by the following expression known as the "law of 
the wall": 
(2.16) 
T 
1/2 
Here u^ = (x^/p) is a parameter having the dimensions of 
velocity, and called the friction velocity. The parameter y^ is a 
+ + + 
Reynolds number defined as y = yu^/V. u and y are known as law of 
the wall coordinates. 
The inner region can be divided into three layers as indicated 
in Fig. 2.3; (1) the viscous sublayer, (2) the buffer layer, and (3) 
the fully turbulent region. 
In the viscous sublayer, the stresses are mainly viscous, since 
turbulent fluctuations, like mean velocities, become zero at the wall. 
The predominantly viscous region is neither uniform according to time 
nor according to distance along the wall. If one measures the instan­
taneous velocity profile instead of the time-mean profile the sublayer 
is revealed to have a spatial and time-dependent flow structure [94], 
"continuously disturbed by small-scale velocity fluctuations of low 
magnitude and periodically disturbed by fluid elements which [penetrate] 
into this region from positions further removed from the wall" [95]. 
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However, at any section a time-mean value of the thickness of the region 
may be distinguished which at the most extends to y^ = 4. In this 
region, mean velocity varies linearly with the distance from the wall, 
i.e., 
= y^ (2.17) 
hence the name "linear sublayer" is also used sometimes for this 
region. 
In the region y"*" > 4 in Fig. 2.3, the effect of viscosity on the 
flow decreases gradually with increasing distance from the wall. 
Ultimately, a region is reached where the flow is completely turbulent 
and the effects of molecular viscosity on the shear-stress-producing 
eddies are small. The intermediate region, where the total stress is 
partly viscous and partly turbulent, is called the buffer layer (it is 
sometimes called the transitional region which should not be confused 
with the standard laminar-turbulent boundary layer transition). In 
general, the thickness of either the viscous sublayer or the buffer 
layer is quite small in comparison with that of the fully turbulent 
region. The buffer layer roughly lies in the range 4 < y"*" < 50. The 
velocity profile in the fully turbulent region (y"*" > 50) of the inner 
layer can generally be given as 
u^ = ^  log y^ + B (2.18) 
where K and B are constants. 
The outer region of a turbulent boundary layer contains 80-90% of 
42 
the boundary layer thickness (see Fig. 2.3). This region is charac­
terized by large eddies which contribute at least 50% to the turbulent 
energy associated with the u- and v-fluctuations and about 80% to the 
Reynolds stress [96]. Whether the large eddies arise in the outer 
layer because of some form of interfacial instability near the edge of 
the boundary layer [97], or result from the ejection of bursts from 
the inner region [98], or both, is still an open question. 
In case of turbulent flow through an annular passage, two inner 
regions can be identified associated with the two walls of the passage. 
Also in Region I of the flow (Fig. 2.2), there are two corresponding 
outer regions. In Regions II and III, where the two shear layers 
have merged, the central core region may also be considered as an outer 
region as it is composed of the outer regions of the two shear layers. 
In the discussion to follow, "outer region", "central core region", 
or simply "central region" will be synonymous. 
2. Apparent turbulent viscosity and conductivity 
Time averaging of the Navier-Stokes equations results in a second 
order symmetric tensor for the apparent turbulent stresses known as 
Reynolds stresses. These must be specified before the governing equa­
tions can be solved for the mean velocity distribution. Proper weighting 
of the Navier-Stokes equations before time averaging will give exact 
"transport" equations for the Reynolds stresses. However, additional 
unknowns appear in these equations and therefore the set of equations 
must be closed by empirical assumptions. 
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In the flow configuration under study, only one of the six stress 
components, namely -pu'v', is of significance. The exact equation 
for the transport of -pu'v' contains additional unknown quantities. 
Hanjalic and Launder [99] developed a model involving two additional 
transport equations, one for turbulence kinetic energy and another for 
its dissipation rate, along with the transport equation for -pu'v' 
whereby some of the terms appearing in the equations were modeled 
empirically. The main objection to such an approach is that the 
terms appearing in the shear stress transport equation are less under­
stood than the shear stress itself. Also, three more PDE's have to be 
solved in addition to the basic conservation equations which means 
a significant increase in the computation cost. It is, therefore, 
always wise to develop turbulence models which are less complicated, 
and thus less expensive, for the practical calculation of turbulent 
flows. 
The simplest and currently most common modeling approach follows 
a concept originally advanced by Boussinesq in 1877 (see, e.g., [100]), 
that the turbulent shearing stress can be related to the rate of mean 
strain as 
-pu'v' = Prj, (2.19) 
where is an apparent turbulent (or eddy) viscosity yet to be 
defined. The implied assumption in Eq. (2.19) is that the stress~ 
strain law for time-averaged turbulent flows is of the same form as 
that for a Newtonian fluid in laminar motion. 
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In a circular pipe or parallel plate duct, the velocity profile 
is symmetric about the centerline and shear stress also goes to zero 
there. In an asymmetric flow (asymmetry may be due to difference 
in curvature, like in a smooth annulus, or due to a difference in surface 
roughness), however, there is no reason to believe that radius of maximum 
velocity and that of zero shear will coincide; measurements [35,61] 
have shown that these two are not the same. 
Any turbulence model involving the turbulent viscosity concept, 
Eq. (2.19), is inherently incapable of differentiating between the maxi­
mum velocity and zero shear radius. However, the discrepancy between 
the two radii only becomes significant for very small radius ratios and 
even in those cases it is possible to predict overall flow character­
istics quite accurately. Exact knowledge of the radius of zero shear 
is not very crucial for the present method, which employs Eq. (2.19), 
since it will not be used to calculate wall shear stresses, nor is the 
proposed turbulence model tied to it in any direct sense contrary to the 
case of some of the earlier eddy viscosity models [26,39]. 
As suggested by Prandtl [101] in 1925, turbulent viscosity can be 
interpreted by analogy with kinetic theory of gases in general sense 
as 
(2.20) 
where v^ and £ can be thought of as characteristic velocity and length 
scales, respectively. These scales must be expected to vary from place 
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to place, and to have values influenced by the particular pattern 
and velocity of the mean flow. 
For heat transfer calculations, a modeled equation for the trans­
port of -pCpV'T' can be developed. However, such an attempt is 
considered unnecessary for nonbuoyant flows [102]. The term -pC^v'T' 
represents an additional transport of heat which is caused by the 
turbulent motion and can be modeled by assuming that this transport 
is of diffusive type so that the Fourier's law applies, i.e., 
9T (2.21) 
where is an apparent turbulent (or eddy) conductivity which can be 
related to turbulent viscosity by defining a turbulent Prandtl 
number such as 
Vo 
PrT = (2.22) 
In general, the turbulent Prandtl number may vary throughout the 
flow, although quite accurate results can be obtained by using a 
constant value of Pr^. Further discussion on Pr^ will be found later 
in a separate section. 
3. Length scale transport equation model 
One of the simplest ways to calculate the turbulent viscosity 
is through Prandtl's mixing length hypothesis as a consequence of 
which v^ = &|-^| in Eq. (2.20) so that 
Wj - (2-23) 
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where I, the mixing length, is yet to be specified. Physically, H can 
be interpreted as the transverse distance over which lumps of fluid 
can maintain their original momentum. 
It is generally believed that the mixing length in the inner 
region of a turbulent boundary layer varies linearly with distance 
y from the wall. This is confirmed by experiments [103] and can also 
be justified by dimensional reasoning [104,105]. In the regions very 
close to the walls, however, turbulent fluctuations are damped due to 
viscous effects which can be taken into account by use of van Driest's 
hypothesis [46]. Therefore, for the two "inner regions" of an annular 
duct, mixing length can be specified as 
„ = Ky ri-expC-y^/A"'')] (2.24) 
1,W w w 
Here w = 1,2 corresponds to inner and outer wall of the annulus 
respectively and K is von Karman constant taken to be 0.41 while is 
a damping constant having a value of 26. Whether or not K and are 
affected by large transverse curvature will be discussed later. 
In the outer region of a turbulent boundary layer, the mixing 
length remains approximately constant and can be specified as 
= C^L (2.25) 
Where is a constant and L is a characteristic length scale of 
turbulence yet to be specified. It can be assumed to be equal to the 
local shear layer thickness for flows which are changing slowly so that 
the dynamics of turbulent fluctuations can "track" the development of 
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the mean velocity profile. For that case - 0.085. Fletcher [106] 
and many others have successfully used such a model for the prediction 
of turbulent boundary layers. However, this model is based on the 
implicit neglect of the transport terms which, in general, can not be 
justified. 
In the outer region, the length scale transported from upstream is 
significant since the large eddies which characterize that region travel 
a streaiwise distance of several shear-layer thicknesses in their life­
times. The rate at which large eddy structure changes, which determines 
changes in the length scale, is often quite slow relative to the mean 
flow development. So L, in Eq. (2.25), can be assumed to lag 6 (shear 
layer thickness) in a manner controlled by the relaxation time for the 
large eddy structure, which is assumed to be proportional to 6/u^ where 
u^ is a characteristic turbulence velocity. If it is further assumed 
that fluid in the outer part of the boundary layer travels at 
velocity u^, the streamwise distance traversed by the flow during the 
relaxation time is L* = C^u^ô/u^. A rate equation can be developed by 
assuming that L will tend towards 6 according to 
dL Ô-L 
dx L* 
or _ 
"m s " 
By a proper choice of C^, this can also be written as 
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% S - ^  
where is the friction velocity. 
It can be shown that the above equation is a one-dimensional 
(7— = 0) specialization of a more general transport equation for length 
dy 
scale such as the one proposed by Bradshaw [107]: 
#= *1^ + agC-u'v')!/: 
advection generation diffusion destruction 
where v^ is a turbulent transport velocity. 
By assuming that at a certain streamwise station a uniform level 
9Ij 
of length scale exists in the outer region so that ^ = 0, and that 
diffusion of length scale can be neglected leads to the following 
equation for steady flow if it is further assumed that fluid in 
the outer region moves with a velocity of u^: 
Now when ^  = 0 (i.e., when the turbulence and the mean flow are 
in local equilibrium), Eq. (2.27) reduces to 
L = -(^ )(-^ )^ ^^ /(|^ ) 
Writing this value of L as 5 and rearranging gives the following 
relation between a^ and a^: 
a^  = -a2(-^ )^ /^ /(6 |^ ) (2.28) 
Equation (2.27), then, becomes 
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1/2 
Now, by proper choice of C^, a^C-u'v') can be replaced by 
1/2 
u^^/C^ if a lumped value of (-u'v') is taken in the outer region, 
so that 
dL 
"m dïï ° 
which is the same as Eq. (2.26). 
a. Determination of and Consider turbulent flow in the 
entrance region of a parallel plate duct as shown in Fig. 2.4. A 
turbulence model, such as = 0.085 (with = 6), can describe 
the flow quite accurately in the region where the shear layers have 
not merged since the flow is more like an external boundary layer flow 
under favorable pressure gradient which has been calculated previously 
very successfully by a simple mixing length model [106]. However, such 
a model is unable to correctly describe the interaction of the two 
shear layers if =6, where 6 = is taken as the "apparent" shear 
layer thickness after they merge. As stated in Section B.l, eddies 
from one shear layer penetrate into the other and the interaction 
grows as the flow tends towards its fully developed state. Although 
the phenomenon is intermittent, it can be assumed that the shear layers 
grow into each other as shown in Fig. 2.4. If the "actual" shear 
layer thickness, S^, is known, then the model = 0.085 (S^fd) 
can be used to describe quite accurately the shear layer interaction 
s. = 6 
. y 
d 
1 
Ln 
O 
Fig. 2.4. Flow configuration in the entrance region of a parallel wall duct showing shear 
layer interaction 
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which causes the centerline velocity overshoot. Dean (see [108]), 
by a boundary layer sampling technique, observed that the interaction 
in a parallel plate duct is confined to within +0.2d of the centerline. 
This means that, in the fully developed state. 
— 1.46 
therefore 
I - 0.085 X 1.45 == 0.126 (2.29) 
o 
Now, in the fully developed state (^ = 0), L = 6 from Eq. 
(2.26); so from Eqs. (2.25) and (2.29) = 0.12. 
Two forms for were considered; = 0.92 and = 0.92 6/L. 
The latter choice gave slightly better results and was adopted. The 
restriction imposed for determination of the constant 0.92 was that 
should remain of the order of 0.085 in the "displacement-inter­
action" region. 
Once and are known, Eqs. (2.25) and (2.26), for the shear 
layers in an annular passage, can be written as 
i = 0.12 L (2.30) 
o,w w 
and 
dL L L „ 
" m d f [ f  -  ( f )  :  
WW w 
where w = 1,2 corresponds to the inner and outer wall of the annulus 
respectively. 
The switch between inner and outer region models is made whenever 
& < &. . 
o,w — x,w 
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The mixing length given by Eq. (2.30) will eventually become dis­
continuous at the radius of maximum velocity after the growing boundary 
layers have merged as they tend towards the fully developed state. 
To overcome this, an average of the outer length scale (£ = (S. ,+& „)/2) 
O O 9 J. O ) z 
predicted for the flow along each wall was used for the central core 
region after the viscous layers had merged. This implies that in the 
fully developed state (-^ = 0), the mixing length in the "outer" region 
will be given as 
(2.32) 
The model described in Eqs. (2.23), (2.24), (2.30) and (2.31) 
will be seen to predict most hydrodynamic features of the annular flow 
quite accurately. Fletcher [109] has utilized a similar model, with 
Cg =0.8 Ô/L, for calculation of flows containing regions of recircu­
lation using an inverse finite-difference method to solve the boundary 
layer equations; but in that application 6 was defined as ôgg, whereas 
in the present method it is defined as (the distance from the wall 
where u = 0.995 u^), partially accounting for the difference in the 
numerical constant. 
The scheme suggested by Fletcher [110] to take account of the low 
Reynolds number effect is employed for some distance downstream of the 
entrance. When the low Reynolds number effect becomes negligible, a 
switch is made to the length scale transport model. 
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4. Bridging 
It should be noted that after the boundary layers have merged, 
Eq. (2.23) will give zero turbulent viscosity at the radius of maximum 
velocity (-^ = 0). This implies zero turbulent conductivity there, 
which is unrealistic when asymmetric thermal boundary conditions exist; 
use of this model will likely lead to an inaccurate prediction of the 
temperature profile. This shortcoming, however, is not associated 
only with this model; Bradshaw's shear layer interaction model [111], 
for example, will also predict zero turbulent heat transport at the 
radius of zero shear. 
An improvement in the predicted temperature distribution has been 
noted for fully developed flow when the turbulent viscosity (thus, 
the turbulent conductivity) profile predicted by Eq. (2.23) is "bridged" 
just by assuming a linear distribution between the peaks (see Fig. 4.12). 
Similar schemes for treating the eddy viscosity near the point of zero 
velocity gradient in the wall mixing zone of a wall jet have been 
suggested by Pai and Whitelaw [112] and by Dvorak [113]. In the latter 
study, a cosine fairing was used for the eddy viscosity. No studies 
of this type have been noted to date for annular flows. 
5. Turbulence kinetic energy equation model 
A more general remedy for the problem of predicting unrealistically 
small values of (thus, À^) in the central core can be provided by 
1/2 
assuming v^ = C^k in Eq. (2.20), so that 
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— 1/2 (2.33) 
where k is turbulence kinetic energy defined as 
k = -|(u'^  + v'^  + w'2) 
An exact transport equation for turbulence kinetic energy for 
axisymmetric boundary layer flows, derivable from the Navier-Stokes 
equations, is of the following form [83]: 
— 9k . 9k 1, 3k. 1 9 
P" SS: + PV a? ° 3^ 0 --3^ (r(pv'k' +v'p')) 
- pu'v' - Dg (2.34) 
In the above equation, the turbulent (kinetic and pressure) diffusion 
term can be modeled as given in [114], i.e., 
- 7 + ^1??)) = 1 jL(r |k) 
where Pr, is turbulent Prandtl number for the diffusion of k. 
k _ 
The generation term, -pu'v' is modeled by use of Eq. (2.19) 
and is given by 
The dissipation term, D^, is modeled as 
The modeled form of the turbulence kinetic energy, then, is 
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The above equation is valid only where flow is fully turbulent. 
For that reason, the boundary conditions for Eq. (2.35) are not speci­
fied at the walls where flow is largely influenced by laminar 
viscosity. Instead, they are specified at some distance from the 
walls. The boundary conditions employed were 
2/3 k(x,y^) = -pu'v'(x,y^)/Cjp (2.36) 
A value of y^ = 60 is suggested. 
The above boundary conditions follow from a specialization of Eq. 
(2.35) under the usual assumption that in the fully turbulent region 
near the wall the generation and dissipation terms balance one another 
and the Prandtl's mixing length formula, Eq. (2.23), holds in that 
region. 
Two more boundary conditions for k are needed in Region I (Fig. 
2.2) as the method to be described in Chapter III treats the two 
shear layers separately in that region. These are 
k(x,6 ) = k(x,Ô ) = (-^)^k_ (2.37) 
J.  ^ Ug u 
where k^ is the free stream turbulence kinetic energy specified at the 
inlet. 
An initial distribution of k is provided by initially using Eq. 
(2.23) up to some distance downstream of the inlet where the low 
Reynolds number modification [110] is no longer needed and then assuming 
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that the turbulent viscosity predicted by both Eqs. (2.23) and (2.33) 
are equal, i.e., 
k(initial) = (2.38) 
The length scale needed in Eq. (2,33) is provided by using the 
model described in Section B.3. 
a. Determination of constants In the regions where the k 
variation is small so that convective and diffusion terms can be 
neglected, Eq. (2.35) reduces to 
But, from Eqs. (2.23) and (2.33), 
,1 ^ (-pu'v')^ ^  (-pu'v')^ 
^ C PK^/^A 
y 
therefore, 
• V-""-» 
or 
In fully developed pipe flow, it has been found experimentally that 
over a considerable portion of the radius, 
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So, 
C^Cp = 0.09 (2.40) 
Now from Eqs. (2.19) and (2.23), 
--pu-^  - f 
-u V 
or 
or 
= p^£^(-u'v') 
= p&(-u'v')l/2 
Comparing this with Eq. (2.33) gives 
So from Eq. (2.39), 
• «yV'" 
or, from Eq. (2.40) , 
= (0.09)1/4 = 0.548 (2.41) 
Also, 
Cn = = 0.164 (2.42) 
° y 
Prj^ , turbulent Prandtl number for diffusion of k, was assigned a value 
of 1.47 which has earlier been used for turbulent flow in parallel 
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plate channels as given in [115]. 
6. Turbulent Prandtl number 
Turbulent Prandtl number was defined in a previous section as 
Vp 
P r _  =  — ( 2 . 2 2 )  
T 
A strict application of the Reynolds analogy by assuming that 
heat and momentum are transferred by the same process, leads to a 
turbulent Prandtl number of unity. However, experiments frequently 
show that Pr^, in general, varies throughout the flow and also depends 
upon molecular Prandtl number. The literature discusses the value of 
Pr^ at great length (see, e.g., Reynolds [116]) without definite 
conclusions. Any model developed for the prediction of turbulent 
Prandtl number has to rely upon experiments in order to determine 
the empirical constants. The dilemma is that the experiments do not 
agree among themselves and no consensus exists, at least for the region 
very close to the wall, about the variation of Pr^ across a shear 
layer. 
Two methods are generally used to calculate turbulent Prandtl 
number from the measurable quantities namely u, T, -u'v'and-V'T'. 
These are described below briefly in order to develop an appreciation 
for the uncertainty involved in the determination of Pr^ even if the 
quantities measured were of sufficient accuracy. 
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a. The eddy correlation method From Eqs. (2.19) and (2.21): 
^ P 
u'v' _ T p 9y 
v'T' 9T 
9y 
Using the definition of Pr^ from Eq. (2.23), this gives 
^ 
p ^  (2.43) 
^ v'T' ^ 
9y 
It can be seen that the process of determining Pr^ will involve 
differentiation of experimentally determined profiles of u and T which 
is not very straightforward. The uncertainty involved will be par­
ticularly large when the gradients are small; for example near the edge 
of a flat plate boundary layer or near the radius of maximum velocity in 
an annulus. 
b. Integration method Total (laminar and turbulent) shear 
stress and heat flux can be written as 
q = 
These two equations can be rearranged to give 
"T = - % 
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So that, 
-1/37-^ 
(2.44) 
Here, again, and ^  can be determined by numerical differentia­
tion of u and T profiles respectively. In order to determine T and 
q, Eqs. (2.14) and (2.15) will have to be integrated (after they have 
been closed using the assumptions given in Eqs. (2.19) and (2.21)). 
For the case of fully developed annular flow, the momentum equation 
(2.14) can be written as 
? • S 
Integration gives 
r Z-fZ 
(f) ' - (— ) (2.45) 
fd 
where r^, the radius of maximum velocity, can be determined from the 
measured velocity profile or by direct measurement of shear stress at 
one of the walls forming the annulas. 
The energy equation (2.15) can be written as (after neglecting 
viscous dissipation and compression work) 
19.., -V, - ST 
- 3j(rq) - pCpU ^  
Integrating this, q can be written as 
. / V 1 — 9T J 
q<r) - - pCpUr gj dr 
"^ 1 
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If the constant heat flux boundary condition is applied at one of 
the walls then, on full development, 
aT _ 9T 
9x 9x 
Therefore, for constant p and C^, 
q(r) = 
PC. dY 
r dx urdr (2.46) 
r. 
"1 
The integral appearing in the above equation can be evaluated 
using numerical techniques. Generally, numerical integration schemes 
are quite accurate while numerical differentiation schemes (needed 
, ^ 9Û 3T 
to evaluate are not. 
The experimental studies made to date have employed both eddy 
correlation and integration method for determining turbulent Prandtl 
number. There is fair amount of agreement among these studies on that 
the turbulent Prandtl number attains a value of 0.9 in the fully 
turbulent part of the inner region of a shear layer. Rotta [117], 
based on the measurements of Ludwieg [118] and Johnson [119], has 
suggested following formula for Pr^ across a flat plate boundary layer: 
Pr^ = 0.9 - 0.4(y/6)2 (2.47) 
According to this formula, the value of turbulent Prandtl number 
is fairly uniform near the wall but falls to 0.5 at the edge of the 
layer. The reduction in Pr^ as the edge is approached was also observed 
by Blom [120] in his investigation of a flat plate boundary layer. 
For channel and pipe flow studies, the results are not so conclusive. 
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A number of experiments show a gradual reduction in Pr^ toward the 
centerline while others show quite the reverse (see, e.g., Kestin and 
Richardson [121]). 
The results of Kuzay and Scott [69] and Ball and Azer [67] for 
an annular duct show a decrease in turbulent Prandtl number as the 
radius of maximum velocity is approached. These results might have been 
influenced by large uncertainties associated with the calculation of 
Pr^ in this region; however, one would expect a small value (-0.7) 
of Pr^ since a "wake like flow" exists near the maximum velocity radius 
and, in fact, a value of Pr^ = 0.7 is commonly used for free shear flows 
[122]. 
At present, there seems to be no consensus about the value of 
turbulent Prandtl number very near the wall, say, y"*" < 50. Kuzay and 
Scott [69] report that very close to the wall Pr^ has a low value (0.4 
to 0.6). Measurements of Ball and Azer [67] and Blom [120] seem to 
confirm this conclusion. However, data taken at Stanford University 
(see Kays and Moffat [123]) shows that turbulent Prandtl number goes 
well above unity very close to the wall. 
How the wall value of Pr^ affects the models proposed for turbulent 
Prandtl number can be shown by considering Cebeci's model [124]. Cebeci, 
by applying van Driest's concept [46] to temperature fluctuations, 
proposed following model for turbulent Prandtl number: 
, K[l-exp(-//A+)| (2.48) 
K^[l-exp(-y /B )] 
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where is a damping constant for temperature fluctuations and is 
mixing length constant for heat. 
At the wall, Pr^ is given by 
(2.49) 
h A 
Note that as becomes larger the exponential terms in Eq. (2.48) 
approach zero. The turbulent Prandtl number then becomes 
= f- (2.50) 
h 
In the logarithmic region, Pr^ = 0.9. So that, 
— = 0.9 (2.51) 
\ 
Now from Eqs. (2.49) and (2.51), for A^ = 26, 
B+ = 28.9(Pr_) (2.52) 
1 w 
For a wall value of turbulent Prandtl number more than unity, say 1.5, 
B"*" = 43.4 (2.53) 
If (Pr^ ,)^  = 0.6 (the upper limit of the value suggested by Kuzay and 
Scott), then 
B^ ' = 17.3 (2.54) 
The two values of given by Eqs. (2.53) and (2.54) are signifi­
cantly different and if used in Eq. (2.48) will give drastically dif­
ferent variation of turbulent Prandtl number near the wall. 
In view of the absence of reliable data, a constant value of 
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Pr^ = 0.9 is used throughout this study unless otherwise mentioned. 
Generally, this value gives sufficiently accurate predictions of heat 
transfer. This seems to suggest that 
. . .  i f  i g n o r a n c e  p r e v a i l s  f o r  a  l o n g  t i m e  a b o u t  s o m e t h i n g  
in which many are interested, it is often an indication that 
exact knowledge is not necessary; for otherwise a false 
assumption would bring such startling divergences between 
predictions and experiments that its falsity would be at once 
apparent [114]. 
7. Transverse curvature effect 
In flow through annul! of very small radius ratios, the boundary 
layer developing around the core is relatively thick, i.e., 6^yr^ is 
large, which may affect the turbulence structure causing the heat 
transfer and skin friction to be different from that predicted by the 
usual turbulence models due to changes in the turbulence structure 
itself not accounted for by the models. 
The effect of transverse curvature on axisymmetric turbulent 
boundary layers has been studied theoretically and experimentally 
in many investigations [125-130]. In a thick axisymmetric boundary 
layer, Rao [125] argued that the logarithmic law in the classical two-
dimensional coordinates does not hold since the constant stress layer 
is no longer present. He proposed that the logarithmic law of the 
wall in axisymmetric flow around a cylinder of radius r^^ should be 
taken as 
u"*" = -^ log(r^ log + B (2.55) 
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where K and B are as defined earlier but may have different values. 
Rao and Keshavan [126] undertook an experimental investigation of 
axisymmetric turbulent boundary layers in zero pressure gradient and 
concluded that both K and B are not universal constants. Afzal and 
Narasimha [128], however, expressed skepticism about the validity 
of the conclusion drawn in [126] as the flow may not have been in the 
fully turbulent state in some of those experiments. They (Afzal and 
Narasimha) further argued that a logarithmic law in classical two-
dimensional coordinates does exist and that only B is a nonuniversal 
constant. 
Huffman and Bradshaw [129] show by data analysis that the viscous 
sublayer is more strongly affected by transverse wall curvature than 
is the rest of the inner region. This will suggest that only B (or 
+ + 
equally van Driest's damping constant A , as B depends on A ) is 
significantly affected by transverse curvature, a conclusion which is 
in line with the findings of Afzal and Narasimha. Huffman and Bradshaw 
do not suggest any explanation for the apparent curvature effect except 
that it is a real effect of curvature on the sublayer. 
Cebeci [130], using Rao's log law coordinates [125], suggested a 
modified mixing length distribution for the inner region. He, how­
ever, stated that this modification did not change the results 
(velocity profiles, skin friction) from those obtained by the usual 
mixing length distribution. According to him, the real effect comes 
by the use of a variable a in his eddy viscosity distribution for the 
66 
outer region, i.e., 
— * 
}j^ (outer) = a pu^ô^ (2.56) 
• k  
where 6^ is the kinematic displacement thickness, and the a function 
includes any intermittency effects or Reynolds number dependence as 
given in [130]. In view of the discussion presented above, however, 
it is hard to believe that transverse curvature will significantly 
affect the outer region eddy viscosity. Such a model seems particular­
ly inappropriate for the use in annular passages. 
Experimental investigation of turbulent flow in annuli of very 
small radius ratios have been performed by Brighton and Jones [58], 
Lawn and Elliot [35], and Rehme [62]. Both of the former investigations 
indicate that the velocity at the edge of the sublayer on the inner 
wall falls below the universal logarithmic velocity profile. This 
evidence suggests that transverse curvature does affect the sublayer. 
According to Rheme [62], however, his results did not exhibit any 
difference from the usual logarithmic velocity profile near the inner 
wall, even for large curvature. 
It is assumed here that the sublayer thickness around the inner 
wall of the annulus decreases as the curvature increases. This is be­
cause the sublayer on a convex surface seems more likely to be in­
fluenced by the fluid elements which penetrate into it periodically from 
positions further removed from the wall as opposed to the sublayer on 
a concave surface. In other words, large convex curvature helps turbu­
lent eddies tear apart the viscous sublayer so that the effective 
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time-mean thickness is decreased. A measure of the sublayer thickness 
is A^, the van Driest*s damping constant. On the basis of the available 
data of various authors [35,58], A^ was assumed to differ from its 
value of 26 for the inner wall, in the case of small radius ratios, 
according to: 
A"^ = 26(r*)°'l (2.57) 
A similar approach was used by Hanjalic [47] to account for the 
transverse curvature effect in calculating fully developed flow in an 
annulus of r* = 0.088 using a three equation differential model of 
turbulence. In the calculation procedure of Patankar and Spalding 
[2], which he employed, the near wall boundary conditions are de­
termined by use of "wall functions". In order to calculate the velocity 
boundary condition near the inner wall, the constant B in Eq. (2.18) 
was modified which is equivalent to modifying A^ as done in the 
present study. 
8. Laminar-turbulent transition 
The boundary layer in the entrance region of a duct depends, along 
with other factors, upon the shape of the entrance. In a rounded 
entrance, (see Fig. 2.5), the boundary layers will generally start 
as laminar, even though the duct Reynolds number is high enough to 
characterize turbulent flow, and will undergo a transition to turbulent 
flow at some distance downstream of the entrance. In a square-edged 
entrance (Fig. 2.5) a small separated flow region may even exist, as 
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SQUARE-EDGEt) ENTRANCE 
ROUNDED ENTRANCE 
Figure 2.5. Two possible entrance shapes 
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was observed by Olson and Sparrow [63]. 
In some of the experiments with which the present predictions 
will be compared in Chapter IV, the boundary layers were tripped at 
the entrance so that the flow was turbulent from the beginning. How­
ever, trips may not be present in practical circumstances and one would 
like to be able to predict the flow under actual conditions which may 
involve laminar-turbulent transition. 
Considerable interest has been shown in the stability of laminar 
shear flows and the eventual transition from a laminar state to a 
turbulent state of fluid motion because of the fundamental importance 
of being able to make a realistic prediction of where and if transition 
will occur in a given configuration under a given environment. The 
location of the point of transition depends upon many factors such as, 
Reynolds number, the streamwise pressure gradient, free stream turbu­
lence, the curvature and roughness of the surface, the surface tempera­
ture, etc. Several correlations have been suggested for the relatively 
simple case of two-dimensional constant property boundary layers. One 
such correlation is given by Cebeci et al. (see [83]) as 
^®0,tr = 1.174(1 + (2.58) 
X 
for 1 X 10^ < Re < 40 x 10^. 
— X — 
The above correlation was not found suitable for prediction of the 
onset of transition in the configuration under study. Transition in 
internal flows, perhaps, largely depends upon the shape of the entrance 
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and it becomes difficult to predict it's initiation point by use of 
a general correlation. 
In some calculation procedures (see, for example, Cebeci and Chang 
[131]), the experimental location of transition is used. This point 
is often taken as the point of minimum Stanton number obtained from 
heat transfer measurements. It should be noted, however, that the 
actual transition process begins somewhat upstream of the location 
where the wall heat transfer shows an upward trend. In STAN5 (A 
Program for Numerical Computation of Two-Dimensional Internal/External 
Boundary Layer Flows), Crawford and Kays [132] assumed that transition 
will occur whenever Re^ = 200. Cebeci and Chang [131] used a value of 
critical Reg = 320 for pipe flow whenever the experimental transition 
location was not available. 
The transition region is characterized by the appearance of 
turbulent "spots" outside of which the flow still remains laminar. 
While moving downstream, these spots grow and merge with one another 
until the flow becomes fully turbulent. These spots were identified 
first by Emmons [133] and the existence of them in the boundary layer 
flow has been confirmed experimentally by Schubauer and Klebanoff 
[134] and others. The calculation of flow through the transition 
region can be made by use of an intermittency function Y which was 
first introduced by Emmons such that y = 0 for fully laminar flow and 
Y = 1 for fully turbulent flow. If is the turbulent viscosity in the 
fully turbulent flow, then the effective turbulent viscosity in the 
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transition region can be calculated as 
(Pl^tr " (2.59) 
In the present study, the Dhawan and Narasimha correlation [135] 
for "Y, which was obtained by using the source density function of 
Emmons [133], was used. According to this the intermittency function, 
Y, in the streamwise direction is 
Y = l-exp(-0.412 (2.60) 
where 
Ç (2.61) 
for X > X > X and A is a measure of the extent of the transition 
tr — — t 
taken as 
A = x 
- X (2.62) 
A=0.75 'A=0.25 
according to [135]. 
x^, in the above, is the location where transition is complete 
(or flow becomes fully turbulent). This location can be given by the 
following approximate relation: 
Re . 
= 2 (2.63) 
®x,tr 
Another correlation for determining the extent of transition 
region, which is incorporated in the present computer code, is that 
due to Dhwan and Narasimha [135] and can be reduced to 
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(2.64) 
where Re is the local unit Reynolds number, u /v • 
m m 
C. Complete Mathematical Model 
1. Governing equations 
Under the assumptions given in Eqs. (2.19) and (2.21), Eqs. (2.13-
2.15) have the same form as Eqs. (2.7-2.9) which apply to laminar flow. 
So the model equations, both for laminar and turbulent flow, can be 
written as 
continuity equation; 
(2.65) 
momentum equation: 
( 2 . 6 6 )  
where n^, the coefficient for momentum diffusion, is given as 
n = u for laminar flows 
u 
and 
n^ = y + for turbulent flows 
energy equation; 
'p' f = (2.67) 
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where n^, the coefficient for diffusion of heat, is given as 
and 
n^ = A. for laminar flows 
n^ = A + for turbulent flows 
In the above, u=u, v=v, p = p, T=T and p = p for turbulent 
flows. 
Note that Eqs. (2.65) and (2.67) have four unknowns, namely, 
u, V, p, and T after the properties of the fluid have been specified. 
An additional equation, therefore, is needed which, for confined flows, 
is specified through the requirement that, for no blowing or suction 
through the walls, overall mass flow should be conserved, i.e., 
f T  
m = pud A = 2 TJ 
A 0 
^ purdy = constant (2.68) 
This equation will be used to determine ^  as described in the 
next chapter. 
2. Boundary conditions 
To complete the mathematical model, appropriate boundary condi­
tions need to be specified which for the present geometry are given 
as 
u(x,0) = u(x,r^) = 0 
i.e., no slip at the walls, 
v(x,0) = v(x,r^) = 0, 
i.e., no blowing or suction through the walls, and 
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T(x,0) = T^(x), T(x,r^) = TgCx); 
where T^(x) and Tgfx) are the specified wall temperature distributions. 
or 
q(x,0) = q^(x), q(x,r^) = qgCx); (2.69) 
where q^(x) and q2(x) are the specified wall heat flux distributions, 
or a combination of these. 
Also, 
u(0,y) = u^(y) 
p(0,y) = Pg 
T(0,y) = T^(y) (2.70) 
Boundary conditions are not needed at the downstream end of the 
duct. This is a consequence of the use of the boundary layer approxi­
mation which has rendered the governing equations parabolic in nature. 
Eqs. (2.65-2.70), thus, present the complete mathematical model for 
laminar and turbulent flow and heat transfer in axisymmetric annular 
passages. 
3. Fluid properties 
The properties of the fluid, namely, density, viscosity, thermal 
conductivity, and specific heat, are, in general, assumed to vary with 
temperature and pressure. Their values need, to be specified before 
the set of governing equations can be solved. Specific property rela­
tions used in the present study will be given in Appendix F. 
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D. Engineering Parameters 
It seems appropriate to define the engineering parameters of 
interest for the annular geometry since some of these differ from the 
well-known definitions for flat plate or tube flow. 
1. Shear stress 
Shear stress at any point in the flow can be determined by 
T = (2.71) 
where = 0 in laminar flow. In case of turbulent flow, the laminar 
contribution to the shear stress away from the walls is negligibly 
small. At the walls, however, turbulent viscosity vanishes and wall 
shear stress can be calculated as 
3u 
^w ^w 9y (2.72) 
w 
2. Skin-friction coefficient 
Skin-friction coefficients at the two walls are defined as 
C. = (2.73) 
w 1/2 
where w = 1,2 corresponds to the inner and outer wall respectively. 
An overall skin-friction coefficient for the annulus can be 
defined as 
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3. Displacement thickness 
The displacement thickness, 6*, is a measure of the mass flow 
defect due to the presence of viscous boundary layer. It is defined 
as the distance which the inviscid flow would need to be displaced 
from the wall to yield the same flow rate as in the actual flow with 
the boundary layer included. For the shear layer on the inner wall, 
it can be given as 
m m 
^1 
or 
r^+ô, 
1 1(1 _ £y_)j-dr-r. (2.75) 
pu 1 
r^ m m 
Similarly for outer shear layer, the displacement thickness can 
be given as 
(1 - —)rdr 
s- pu 
'^2~ 2 ™ m 
or 
4 = (2.76) 
1 2  ™ 
4. Momentum thickness 
The momentum thickness, 0, is defined as the thickness of a layer 
of reference velocity fluid carrying a momentum flow rate equal to the 
momentum defect caused by the presence of boundary layer. For the inner 
shear layer, the momentum thickness can be given by the following 
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relation: 
or 
or 
(^1 - ^ )rdr 
r^ m m m 
®1 °i'l + 2 (^1 -
r^ m mm 
(2.77) 
For the outer shear layer, the momentum thickness is given as 
r^ -Cr^ -e . zj 2 (1 _ •^ )rdr 
Jrg-Og m ^m m 
®2 ' "^ 2 
-i-K'.. 5 2^~ 2 ™ mm 
(2.78) 
5. Bulk mean temperature 
The bulk temperature at any cross section can be calculated once 
the bulk enthalpy at that location is known. The bulk enthalpy is de­
fined as 
puHdA 
«b = 
pudA 
(2.79) 
Now 
dH = C dT 
P 
(2.80) 
The equality sign in the above equation holds exactly for a perfect 
gas; while for any other fluid, it holds only approximately. 
Integration of Eq. (2.80) reduces it to 
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H-Hq = 
T 
C dT (2.81) 
If functional dependence of is known, then an explicit relation 
between T and H can be obtained. Assuming, for example, that varies 
as 
= (—)^  
% '0 
(2 .82)  
or 
Equation (2.81) can be reduced to: 
C 
^-«0 = _a 
0 
T^dT 
0 0 
H = Hn + 
- 0 
0 (a+1) 
This relation can be substituted into Eq. (2.79) to determine 
(2.83) 
the bulk enthalpy from the calculated temperature profile. 
Eq. (2.83) can be rearranged as 
(.a+x;  ^
T = 1 + 
So' o  
(a+1) 
Bulk temperature, T = T^, can be calculated when H = H^, i.e., 
1 _ 
(2.84) \ = ^0 1 + 
(a+1) (H^-Hq)- (a+1) 
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6. Heat transfer coefficient 
The heat transfer coefficient is defined as 
h = (2.85) 
w b 
where, for the case of specified wall temperature, is calculated 
as 
9T 
1» ° \ 87 (2 .86)  
w 
The Nusselt number is a useful nondimensional parameter for heat 
transfer at the wall and is defined as 
hD 
Nu = (2.87) 
^b 
Another useful nondimensional parameter for wall heat transfer is 
the Stanton number which is defined as 
80 
III. NUMERICAL METHOD 
This chapter describes the numerical method used to solve the 
governing partial differential equations. The finite-difference scheme 
employed is a modification of the explicit Dufort-Frankel [136] method 
which allows fairly large streamwise steps. A computer code, "ANNULUS", 
is developed which is introduced in the last section. 
A. Nondimensional Form of the 
Governing Equations 
It is generally useful to write the governing equations in dimen-
sionless form before attempting to obtain a solution. In the present 
study, the variables are nondimensionalized as follows: 
' 't' 
The governing equations [Eqs. (2.65-2.68)] then become 
-^(pU) + R ^ (RpV) = 0 (3.1) 
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Ir + IP. i If) + N„(|f)2 + $T.U § (3.3) 
A „  
pURdY = Constant (3.4) 
0 
The nondimensional boundary and initial conditions are: 
Boundary conditions: 
U(X,0) = U(X,R^) = V(X,0) = V(X,R^) = 0 
and 
T*(X,0) = T*(X), T*(X,R^) = T*(X) 
or 
Q(X,0) = Q^(X), Q(X,R^) = ^^(X) 
or a combination of these. (3.5) 
Initial conditions; 
U(0,Y) = Ug(Y) 
P(0,Y) = 
T*(0,Y) = T*(Y) (3.6) 
The turbulence kinetic energy equation (2.34) can also be 
nondimensionalized, if used, as follows; 
P" iE+ PV if = i (3.7) 
where 
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where 
Note that Eqs. (3.2), (3.3) and (3.7) all have the same form. 
If (j) stands for U, T* or k, then any one of these equations can be 
modeled as 
The model equation, Eq. (3.8), is parabolic in nature, so a 
marching finite-difference method can be employed. The present analysis 
has made use of an explicit three level finite-difference scheme of 
the Dufort-Frankel [136] type which has earlier been used for predicting 
flow in wall boundary layers [137], circular pipe [138] and jet flow 
[139]. This scheme does not have severe stability constraints and 
permits the use of fairly large streamwise steps. 
1. The difference equations 
Fig. 3.1 shows the finite-difference grid utilized in the present 
calculation method. The mesh size generally varies throughout the flow. 
The finite-difference form of Eq. (3.8) for a variable grid can be 
(3.8) 
where a, b, N, and S are, in general, functions of X, Y and (j) 
B. Finite-Difference Formulation 
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T 
Y 
i 
N 
N-1 
N-2 
j+1  
j  
j - 1  
AY + 
AY_ 
AX_ AX^ 
' m - 1 n 1 m + 1 
H-
OUTER 
WALL 
INNER 
WALL 
AXIS OF 
"SYlÊTRY 
3.1. Finite-difference grid 
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written as 
m 
a. 
,m+l ,m-l (}). -(p. 
J  i  +  b ™  . 1 - 1  
j A X  + A X _  '  "j AY_^+AY_ 
where 
R.(AY +AY ) 
J + -
j^+1/2^  
(Ci<) 
3+1/2 
AY, 
AY 
-I 
^ )j+l/2 ^ 
( )j-l/2 )j ^  
(3.9) 
and 
A X  r - ^ A X  
+ .1 - 1 
AX +AX 
+ — 
(3.10) 
Special consideration needs to be given to the source term, 
-m Sj. In the case of the momentum equation (3.2), it is written as 
s"° = 
AX+AX X. 
+ - J 
(3.11) 
while for energy equation (3.3), it is written as 
yiii ytn 
5" = + êwV 
AX+AX 
"T 
(3.12) 
In the case of the turbulence kinetic energy equation (3.7), the 
finite-difference representation of the source term was not as straight-
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^3/2 forward because of the presence of k in the dissipation term. At 
first, S? was written as 
This representation, however, caused the solution to become un­
stable when k^/^ was evaluated at ( )™. Note that in the diffusion 
•^ in m Til 
term, k^ (also and T* in the momentum and energy equation 
respectively) is taken to be the weighted average of k?^^ and k™ ^ to 
avoid instability as is required by the Dufort-Frankel differencing. 
The same remedy can be used for the dissipation term but, then, k^ 
will be nonlinear and an iterative solution will be required at each 
grid point which will increase the computational cost considerably. 
In order that a noniterative solution still be possible, the dissipa­
tion term in S™ was represented as 
-C^pk^/Z/a = -C^pk^/^k/A 
This provided a stable solution (see the next section for details 
on stability analysis). It will be shown in Appendix C that the above 
representation of the dissipation term is mathematically consistent. 
The finite-difference form of the continuity equation (3.1), 
employed in the present solution method, is given as 
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*j+l/2 
i^n-lutn-1) 
2(AX +AX ) 
-r — 
AY 
(3.14) 
+ 
2. Consistency, stability and convergence 
Consistency and stability are both major concerns arising in the 
use of finite-difference methods. It is only when these conditions are 
satisfied that there is a hope of obtaining a converged solution, 
according to Lax's equivalency theorem (see, e.g., Roache [140]). 
Convergence here means that the solution to the finite-difference 
equations approaches the true solution to the partial differential 
equations having the same initial and boundary conditions. 
Consistency deals with the degree to which the finite-difference 
equations approximate the partial differential equations. The dif­
ference between a partial differential equation and its finite-difference 
representation is known as truncation error. A finite-difference 
scheme is said to be consistent if the truncation error vanishes as 
the mesh is refined. Consistency is generally studied by expanding 
the dependent variables in Taylor series and observing the difference 
between the partial differential equations and the finite-difference 
representation. It will be shown in Appendix C that the finite-
difference representation, Eq. (3.9), of the model equation (3.8) is 
mathematically consistent. 
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Stability is a very important consideration since even the very 
best finite-difference schemes in terms of truncation error can be 
unstable and hence give a solution which is entirely different from that 
of the partial differential equations, rendering the results useless. 
The essence of stability is that round off errors, or errors from any 
other source, do not grow as the solution is advanced. No general 
theory exists for the stability analysis of nonlinear partial dif­
ferential equations. For linear PDE's, the theory of Von Neumann (see 
e.g., Richtmyer and Morton [141]) can generally be applied in order to 
obtain stability restriction on the axial step size. Madni [139] ap­
plied this theory to study the stability of Dufort-Frankel formulation 
of the nonlinear boundary layer equations by treating the coefficients 
of the convective terms locally as constants. The stability criterion 
developed thereby is for "local" stability as the coefficients can be 
considered constant only in a small neighborhood of each grid point; 
but if the requirement is checked at each grid point then it can be 
reasoned that an instability could not originate. 
Following the analysis given in [139], the stability constraint 
for Eq. (3.9) can be given as, with AY'^ = AY_ = AY, 
AX < min 
+ " 3-2,N-l 
a™ ay 
zK' '"'I 
(3.15) 
This restriction, however, is valid only if the source term in Eq. 
(3.8) is not a function of In case of turbulence kinetic energy 
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^0/2 
equation, this is not the case as S contains k in the dissipation 
term. The Dufort-Frankel scheme was always found to be unstable 
^3/2 ^lïi 3/2 
whenever k was written as (k^) . This should have not been 
unexpected since the finite-difference scheme (Eq. (3.9)) is unstable 
if in the diffusion term is taken equal to instead of the 
expression given in Eq. (3.10). Averaging over (m+1, m-1) was the 
idea originated by Dufort and Frankel [136] which made the central dif­
ference scheme stable. In order to obtain a stable representation for 
3/2 
the turbulence kinetic energy equation, k appearing in the dissi­
pation terra was written as 
/AY k™., + AY.k? An ,n/AX k"^^ + AX k"'^\ 
± J i  I_J  \  r^-i+1 ^V.i-l\ 1/ 2f: 
\ I \ _ . .  A X . + A X  .  + - / \ + - / 
With this modification, the solution of the kinetic energy equa­
tion was always stable as long as the condition given in Eq. (3.15) 
was satisfied for the momentum equation. A rigorous stability analysis 
for the finite-difference representation of the turbulence kinetic 
energy equation was therefore not warranted. 
C. Solution Procedure 
As the finite-difference formulation employed is explicit in nature, 
unknown quantities at the (m+1) level can be calculated just by using 
the known values at the (m-1) and (m) levels. A complete flow diagram 
will be presented at the end of this section. First, some of the 
important features of the program are described. 
89 
1. AY-Grid 
Before the calculation can be started, the AY-grid should be care­
fully specified. For laminar flows, an evenly spaced grid has been 
found to be satisfactory in most cases. However, for flows where 
steep gradients might exist near the walls, of which high Prandtl 
number flow with variable properties is an example, an unequal grid 
will be desirable with the smallest AY used nearest the walls. The 
present method includes the option of using unequal grid spacing for 
laminar flows. 
For turbulent flows where at least one point whould lie in the 
viscous sublayer, a variable grid is a must if the calculation scheme 
is to be of any practical value. In the present analysis, the annular 
gap is divided into NY unequal spacings; NY/2 on each side of the radius 
of maximum velocity which is estimated by using the Kays and Leung 
correlation, Eq. (1.1). The knowledge of the radius of maximum velocity, 
however, is not essential and the grid can be generated arbitrarily 
without knowing its location a priori. 
A very small value AY is specified nearest the walls so that the 
first point outwards from the walls will lie within the viscous sublayer 
(y^<4). The cross stream spacing increases in a geometric progression 
away from the walls towards the radius of maximum velocity such that 
AYj^  ^= RS X AYj; (for the inner wall), j = 1,2,3... (3.16) 
and 
AYj_^ = RT X AYj (for the outer wall), j=N, N-1, N-2, ... (3.17) 
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A value of RS and RT between 1.05-1.15 has been found suitable. 
Since the thickness of the boundary layers on the walls of an 
annulus is generally (except for large radius ratios) quite different, 
specifying an equal number of grid points on each side of the radius 
of maximum velocity will result in a large sudden change in AY at R^ . 
The Ay-grid in the central region was therefore altered arbitrarily 
in these cases in order to smooth out this discontinuity. 
While 70-100 cross stream grid spacings were needed to fill the 
annular gap for turbulent flows, 50 spacings were found sufficient for 
laminar flow calculations. 
2. Initial profiles 
For hydrodynamically developing flow, a uniform velocity profile 
is specified at the inlet. However, if the flow is fully developed 
and laminar, the initial velocity profile is specified using the 
analytical expression obtained by Lamb [6]: 
U = 2 
R^-R^-2R^ln(R_/R) 
2 m / 
2 2 2 
R>Rf-2R 2 1m
(3.18) 
where R^, radius of maximum velocity for laminar flow, is given 
by 
2 %2-Bl 
R = —i (3.19) 
m 2 ln(R2/R^) 
It was found necessary to use double precision on the IBM 360/158 
in order to obtain axial velocity profiles for large radius ratios, 
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using Eqs. (3.18) and (3.19). 
For turbulent heat transfer cases which require hydrodynamically 
developed flow as an initial condition, the momentum equation (3.2) 
can be solved first to obtain a fully developed velocity profile. 
Alternatively, Eq. (3.2) can be specialized to a fully developed form 
and solved as an ordinary differential equation. This was done for 
cases where a mixing length model was used. In that case, Eq. (3.2) 
can be reduced to the following set of ordinary differential equations; 
rl)=§ (3.20) 
and 
with 
U(0) = U(R^ ) = 0 (3.22) 
which was solved by use of a fourth order Runge-Kutta procedure 
using an iterative "shooting" method to satisfy the boundary condition 
at the outer wall. 
More details on the derivation of the Equations (3.20-3.21) and 
the solution procedure will be given in Appendix A. 
In all the test runs made, the initial temperature profiles were 
assumed to be uniform; however, any initial temperature distribution 
can be specified. 
The Dufort-Frankel method which was employed in the present study 
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is a three level differencing scheme (see Fig. 3.1) requiring informa­
tion at the (m-1) and mth levels. In order to start the solution, 
therefore, the initial profiles are yet to be specified at rath level. 
This is done by using a simple explicit method (see Appendix B) for one 
step before the calculations are started using Dufort-Frankel method. 
3. Solution of the finite-difference equations 
The solution of the finite-difference equations can be initiated 
after the cross stream grid has been specified and initial profiles of 
the dependent variables are known at two upstream locations. Equation 
(3.9) then can be written in terms of known quantities at the (m-1) 
and mth levels as 
4)°^  ^= r.(X,Y,({)^ "\(()^ _^ ,(!)™,(l)^ ^^ ) (3.23) 
Since in general is a known function at all j's, can be 
calculated. In case of momentum Equation (3.2), however, contains 
the pressure, p™^^, which needs to be determined before the momentum 
equation can be solved explicitly for The pressure can be 
determined from the global conservation of mass constraint, Eq. (3.4), 
in a fashion described below. 
Equation (3.9), for (J) = U, can be written in the following form: 
= n.(X,Y,u""\u" ,U™ ) + n (X,Y,U?) (3.24) 
J J J J J J J 
where n. and are known functions. 
J J 
Now from Eq. (3.4), 
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r\ 
pURdY = constant = C 
m 
0 
where the constant C is known once the mass flow rate is specified. 
m 
The above equation can be written, using Eq. (3.24), as 
=[^  A.R.dY + p%.R.dY = C 
3  3  2  . 3 3 3  J n J 3 3  m  
0 0 
or 
\ \ 
= /c - [ A.R.dyVf p%.R.dY (3.25) 
Vm J 3  3  3  J ' .  J J J 
^ 0 0 
Strictly speaking, p appearing in the above equation (3.25) should 
be evaluated at (in+l)th level. But for small streamwise density 
variations, the above formulation provides satisfactory results. 
Integrals appearing in Eq. (3.25) can be evaluated numerically using 
Simpson's rule which is given in Appendix D for a variable grid. 
Once is known, Eq. (3.24) can be used to calculate for 
all j. For developing flows, the program treats the boundary layers 
growing on the two walls separately until they merge, thus saving 
unnecessary calculations in the inviscid core region. The velocity 
in that region is obtained using Euler's equation: 
PU 1% = _ 42 (3.26) 
which is written in the finite-difference form as 
m+l_ m-1 
AX +AX " ~ AX +AX 
+ - + — 
94 
where the subscript c refers to the values of the variables in the 
inviscid core region. 
Since is known, can be calculated from the above 
c 
equation. In Region I of Fig. 2.2, Eq. (3.14) is solved out from each 
uin+l 
wall until ^,— > 0.995. Alternatively, the momentum equation can be 
ym+1 -
c 
solved across the annular gap starting from one wall and proceeding to 
the other; however, computing out from each wall saves computer time by 
reducing the number of grid points at which the full equations need 
to be solved. After the boundary layers have merged, the momentum 
equation is solved across the annular gap starting at the inner wall. 
A similar procedure is employed to solve the turbulence kinetic energy 
equation. 
It was found necessary to solve the continuity equation (3.14) 
starting from both walls towards the central region of the annulus. 
If instead, the continuity equation is solved starting from one wall, 
say the inner wall, then the values predicted for the cross stream 
velocity near the outer wall were generally too large very near the 
inlet which affects the predicted shear stress and heat transfer 
coefficient at the outer wall. Likewise, near the inlet large V values 
were predicted near the inner wall if the solution is started at the 
outer wall. No completely satisfactory explanation could be found to 
this effect although the differences in the numerical integration 
schemes used in enforcing the global and pointwise conservation of mass 
are suspected of contributing to the observed phenomenon. 
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When both walls are heated, the energy equation is solved in the 
entire annular gap starting at the inner wall. However, if only one 
wall is heated, then the energy equation is solved only near the heated 
wall. The edge of the thermal boundary layer is determined by the re­
quirement that the difference in calculated temperatures at two adjacent 
cross stream stations be very small. However, it was found necessary 
to solve the energy equation across the entire annulus after the thermal 
boundary layer had penetrated well within the viscous boundary layer 
of the unheated wall because of the difficulty of numerically 
distinguishing the edge of the growing thermal boundary layer. 
After the governing equations have been solved, engineering pa­
rameters of interest such as wall shear stress and heat transfer coeffi­
cient can be calculated. The wall derivatives required for this purpose 
are evaluated employing polynomial fits to the U and T* profiles. More 
details on the evaluation of wall derivatives can be found in Appendix E. 
A computer code, "ANNULUS", has been developed to solve the finite-
difference form of the governing equations. Fig. 3.2 gives the flow 
diagram which illustrates briefly the solution procedure employed in 
ANNULUS. A listing of the computer code is given in Appendix G. 
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Figure 3.2. Flow chart for the computer code "ANNULUS" 
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IV. RESULTS AND DISCUSSION 
The finite-difference method developed has been applied to predict 
laminar and turbulent flows with and without heat transfer. Comparisons 
have been made with the available experimental data and the predictions 
of the other methods in order to establish the validity of the present 
calculation method and the proposed turbulence models. 
A. Laminar Flow and Heat Transfer 
1. Forced convection 
Some constant property test cases have been run in order to 
establish the validity of the proposed finite-difference method. Very 
limited experimental data are available in the literature for laminar 
flow heat transfer in annular passages. Comparisons have been made 
therefore with the predictions of Shumway and McEligot [15] for flow of 
air in an annulus (with r* = 0.25) using an implicit finite-difference 
procedure. 
Fig. 4.1 and 4.2 show the predicted axial pressure drop and the 
friction parameter f^Re respectively. It can be seen that the agreement 
between the predictions of the present explicit method and the implicit 
method of [15] is excellent. 
Fig. 4.3 shows the predicted Nusselt numbers on the inner and 
outer wall of the annulus for simultaneously developing flow and heat 
transfer with thermal boundary conditions corresponding to the fundamental 
solution of first kinds. Fig. 4.4 gives the Nusselt number for the inner 
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Fig. 4.1. Pressure defect in laminar flow through an annulas 
(r* = 0.25) 
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-Fig.. 4.2. Variation of friction factor parameter f Re in the 
entrance region of an annulus (r* = 0.25) 
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Fig. 4.3. Variation of Nusselt number for hydrodynamically developing 
flow through an annulus (r* = 0.25) 
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Fig. 4.4. Variation of Nusselt number for hydrodynamically developed 
flow through an annulus (r* = 0.25) 
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wall for fully developed flow at the inlet with thermal boundary condi­
tions corresponding to the fundamental solution of fourth kind. Both 
of these figures indicate that the present results are in good agree­
ment with the predictions of [15]. Several other comparisons were 
also made which are not shown here. It can thus be concluded that the 
predictions of the explicit finite-difference method proposed in the 
present study are reliable. It was also found that the weighted 
average over (m-1) and (m+l)th levels (see Eq. (3.10)), instead of 
simple averaging, used in the diffusion term of Eq. (3.9) helps in the 
energy balance and permits larger streamwise steps to be taken. 
2. Combined forced and free convection in asymmetrically heated 
vertical ducts 
Heating (or cooling) may affect the flow pattern in a duct because 
of the induced density gradients. For a horizontal duct, there even 
may be secondary flows rendering the assumption of axisymmetry, employed 
in the present study, invalid. However, for a vertical duct the flow 
still remains axisymmetric because the body forces in this case are 
parallel to the main flow direction. The present method can be applied 
to study this flow configuration since the body force term f^ is re­
tained in the momentum equation (2.8). Here a problem is studied 
where the flow is in an upward direction in a vertical annular duct. 
In that case, 
f^ = -pg (4.1) 
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Two test cases were run; one for the flow of water using the 
Boussinesq approximation with properties of the water assumed constant 
and a second case for flow of ethylene glycol where all properties were 
varied. The properties of ethylene glycol used are given in Appendix 
F. In the calculations, only one wall was heated (uniform heat flux) 
while the other was assumed to be insulated and the flow was assumed 
to be fully developed at the inlet. 
Figure 4.5 shows the predicted Nusselt number variation along 
an annular duct of radius ratio 0.38. The experimental data of Maitra 
and Subba Raju [25] for upward flow of water in an annulus (r* = 0.38) 
is also shown along with the constant property prediction (buoyancy 
neglected) of Lundberg et al. [9] which is for r* = 0.4. The data 
of [25] is shoTim for two different Rayleigh numbers where this non-
dimensional parameter was defined as 
9 A 
Ra = à;r (4.2) 
ky 
Apparently the experimental values of Ra shown in the Fig. 4.5 
are the "fully developed" values since Ra will be expected to vary in 
the thermal entrance region according to Eq. (4.2). The reported 
value of Ra for the present prediction is the fully developed value. 
It can be seen that neglecting buoyancy underpredicts Nusselt number. 
This is because in upward flow the buoyant forces are in the direction 
of main flow causing an increased flow near the heated wall which en­
hances heat transfer. The apparent tail up behavior of experimental 
Nusselt number for higher Rayleigh numbers at XQ - 0.02 might be linked 
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Fig. 4.5. Effect of buoyancy on heat transfer in a vertical annulus 
(r* = 0.38) with upflow of water (inner wall heated 
uniformly) 
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to the onset of instability to be discussed below. 
Axial velocity profiles at four different streainwise locations, 
including the one at the start of heating, are shown in Fig. 4.6. It 
can be seen that the velocities near the heated wall increase while 
they decrease near the unheated wall because of density variations in 
the fluid. This results in increased radial flow (see Fig. 4.7) along 
the duct. The increased velocities near the heated surface are the 
main cause of higher Nusselt number as compared to that predicted with 
only forced flow. At some streamwise station, the radial flow increases 
to such an extent that local flow reversal occurs near the outer un­
heated wall. This flow instability may eventually lead to an unsteady 
flow if a sufficient length of duct is available for the disturbance to 
grow. For a particular fluid, the location of flow reversal depends 
upon Gr, Re and x/D^. For the present case, flow reversal occurred at 
XQ-0.02 which coincides with the tail-up behavior of the experimental 
Nusselt number. This leads one to suspect that flow mechanism downstream 
of the onset of reversal is such that further increases in heat transfer 
might occur. 
The tail-up behavior was not predicted in the present calculation. 
This is perhaps because the properties of the fluid were assumed constant 
except the density appearing in the buoyancy term. In another test 
run made for upward flow of ethylene glycol in an annulus of r* = 
0.99, properties were varied. Ethylene glycol, which has a high Prandtl 
number, is often used as a model fluid for transformer cooling. Its 
viscosity is a strong function of temperature and it was thought that a 
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Fig. 4.6. Distortion of axial velocity profile due to buoyancy in 
upward flow through an annulus (r* = 0.38) 
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Fig. 4.7. Buoyancy-induced radial flow in an annulus (r* = 0.38) 
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constant property solution will not yield accurate results. Figure 4.8 
shows the Nusselt number variation for two different heat fluxes, 
one being almost four times the other. At the lower heat flux, flow 
reversal did not occur in the length of the duct studied (see Figs. 
4.9 and 4.10 for velocity and temperature profiles respectively). The 
Nusselt numbers are compared for this heat flux with the data of Joshi 
(see [142]) taken in a high aspect ratio rectangular duct with one 
wall heated. The predictions are within the scatter of the data. 
At the higher heat flux, the flow reversal was predicted near the 
unheated wall at x^ - 0.013 and a tail-up behavior of Nusselt number 
was also predicted. For flows of this type it is believed that all 
the properties need to be taken as variable in order to predict the 
heat transfer characteristics accurately. 
Figure 4.11 shows the variation of the parameter CyRe^ for two 
different heat fluxes. The parameter is scaled by a factor of 24; its 
value for isothermal flow in a parallel wall duct. It can be seen 
that the streamwise location where outer wall shear stress goes to 
2 
zero (the onset of reverse flow) is determined by Gr/Re . Earlier 
investigations for upward flow of water in a vertical tube [143] and 
in a vertical annulus [19] have used Gr/Re as a parameter. But it is 
2 
this author's feeling that Gr/Re is a better correlation parameter, 
at least for ethylene glycol, since Gr/Re varies along the duct, because 
2 
of strong viscosity variations, while Gr/Re does not if Grashof number 
is defined as 
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Fig. 4.8. Predicted Nusselt numbers for upward flow of ethylene glycol 
in a large radius ratio annular duct (r* = 0.99); comparison 
with the data of Joshi taken in a plane duct with one wall 
heated 
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Fig. 4.9. Predicted axial velocity profiles for flow of ethylene glycol 
in an asymmetrically heated annulus (r* = 0.99) 
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Fig. 4.10. Predicted temperature profiles for flow of ethylene glycol 
in an annulas (r* = 0.99) 
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Figure 4.11. Effect of buoyancy on skin-function parameter for upward flow of ethylene glycol 
in an asymmetrically heated annulus (r* = 0.99) 
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or . (4.3) 
Ap 
Scheele and Hanratty [143] studied the effect of natural convection on 
the stability of flow in a vertical pipe. They noted that velocities 
near the heated wall increase while they decrease near the centerline 
and that the flow first becomes unstable when the velocity profiles 
develop points of inflexion. Transition to unsteady flow involves the 
gradual growth of small disturbances and whether or not transition 
occurs depends upon the length of the tube. 
B. Turbulent Flow and Heat Transfer 
Comparisons with experimental data and the predictions of other 
calculation methods were made to show the validity of the proposed 
turbulence models and the calculation procedure. In all the calcula­
tions, buoyancy effects were neglected since these are expected to be 
small in turbulent flows. However, buoyancy effects may become sig­
nificant at lower Reynolds numbers. Some studies [144-146] have shown 
that the apparent effect of buoyancy on turbulent heat transfer is in 
an opposite sense to that found in laminar flows; i.e., in upward 
turbulent flow, heating causes a deterioration in heat transfer 
coefficient while the reverse is true for downward flow. For ease of 
discussion, the three turbulence models evaluated will be referred to 
as: 
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1) Model A: Length scale equation model. 
2) Model B: Bridging. 
3) Model C: Turbulence kinetic energy model with length scale. 
Before discussing the hydrodynamic and heat transfer results, 
some sample turbulent viscosity profiles, as predicted by the models, 
are presented below. 
Figure 4.12 compares the fully developed turbulent viscosity 
profile predicted by Model A with the measurements of Ball and Azer 
[67] and of Jonsson and Sparrow [32]. The numerical method employed in 
the present study utilizes a value of in the difference scheme which 
has been averaged over three grid points to enhance numerical stability. 
This partially explains why the predicted turbulent viscosity at the 
radius of maximum velocity, though small, is nonzero. The concept 
of linear bridging (Model B) is also demonstrated in the figure. 
Figure 4.13 compares the turbulent viscosity profiles predicted by 
Models A, B, and C for an annulus of r* = 0.25. 
1. Hydrodynamic results 
To test the turbulence models, calculations were first made for 
an annulus of r* = 0.99 (which approximates a parallel wall duct) 
because of the lack of experimental data for developing annular flows. 
Figure 4.14 shows mean velocity profiles at two streamwise stations as 
predicted by Model A. The predictions seem to compare fairly well with 
the experimental data of Dean [147] taken in a high aspect ratio 
rectangular duct. The symmetry of the predicted profiles shows that 
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4.12. Predicted and measured distribution of turbulent viscosity 
in fully developed flow through an annulus 
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Fig. 4.13. Predicted fully developed turbulent viscosity profiles in an 
annulus (r* = 0.25) for Re = 1.9 x 10^  
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Fig. 4.14. Predicted velocity profiles in an annulus (r* = 0.99); 
comparison with measurements of Dean in a plane duct 
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r* = 0.99 is a good approximation for the parallel plate duct. Velocity 
profiles as predicted by Model A at two streamwise stations are drawn 
on "law of the wall" coordinates in Fig. 4.15. The experimental data 
of Dean is also shown in the figure. The predicted slope and the 
intercept of the logarithmic region compares fairly well with his data. 
The predicted shear stress profiles at two streamwise stations are 
compared with Dean's data in Fig. 4.16. Predictions based on shear 
layer interaction model proposed by Bradshaw et al. [Ill] and given by 
Dean [147] are also shown. 
Figure 4.17 shows the development of the boundary layers on the 
two walls of the duct where has been used to represent the 
edge of the boundary layer. In the present calculations, a uniform 
velocity profile was assumed at the inlet. The discrepancy between 
the predictions and Dean's data [147] at the lower values of x/D^ 
suggests that the uniform velocity assumption does not match experi­
mental conditions existing at the inlet of the duct and that the 
flow might have been partially developed in his experiment. The present 
predictions suggest that the two shear layers begin to merge after 
about x/D^ = 16. 
Figure 4.18 shows the comparison made between the predictions of 
Model A for an annulus of r* = 0.99 with the measurements of Dean [147] 
and Byrne et al. [148] for centerline velocity development in a high 
aspect ratio rectangular duct. The proposed length scale model pre­
dicts the velocity "overshoot" in fair agreement with Dean's data. The 
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Fig. 4.16. Predicted and measured shear stress profiles 
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Fig. 4.17. Predicted and measured boundary layer growth in the 
entrance region of a plane duct 
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overshoot in the velocity is a consequence of the interaction between 
the shear layers and this was also observed in the data of Barbin and 
Jones [149] for pipe flow. The same phenomenon will be expected in 
annuli. Okiishi [64] noted that "... the velocities near the radius 
of maximum velocity decreased with axial distance in portions of [the] 
annulus ..." with r* = 0.531. Model A predicts this overshoot in 
annuli. Predictions based on the shear layer interaction model proposed 
by Bradshaw et al. [Ill] and that of the k-e model as reported by 
Stephenson [150] are also shown. 
Comparison with the data of Comte-Bellot [151] for centerline 
velocity development is made in Fig. 4.19. Predictions of Emery and 
Gessner [152] and Cebeci et al. [153] are also shown. It is interesting 
to note that the present results are similar to that of [152] which 
employed an algebraic formulation of the mixing length with 12 
constants. In both cases, calculations were started assuming a uni­
form profile at the inlet. This was not the case in the actual experi­
ment. Results of [153] seem to compare better with the experimental 
results, but it should be noted that their predictions are based on 
matched initial conditions at x/D^ = 10 (Fig. 4.19). Figure 4.20 shows 
predictions of velocity development at four different cross stream 
locations (including the centerline) in a parallel wall duct. Experi­
mental data of Byrne et al. [148] and predictions of k-e model as re­
ported by Stephenson [150] are also given. The present predictions 
generally compare better with the experimental data. It can be 
124 
O COMTE-BELLOT Re = 4.8 X 10' 
PREDICTIONS 
1 . 2 0  MODEL A 
EMERY AND GESSNER 
CEBECI ET AL. 
X 
Du 
Fig. 4.19. Maximum velocity development in an annulus (r* = 0.99) 
compared with the results for a parallel wall' duct 
MODEL A 
e MODEL 
?T — O— 0.2 
0.9 
0.05 XJ 0.8 
0.7 
D, 
20. Velocity development in the entrance region of an annulus (r* = 0.99) 
126 
concluded that nonmonotonic development of centerline velocity in a 
plane duct is well-predicted by the proposed length scale transport model. 
Prediction of flow development by Model A is further tested by 
the comparisons shown in Figs. 4.21-4.23 for displacement and momentum 
thicknesses. In general, the present predictions are in fair agreement 
with the experimental data and compare better than the predictions 
of some of the more complicated turbulence models. It should be noted 
that the predictions using Bradshaw's model [111] were initiated at 
x/D^ = 13.25 using the measured velocity profile at this station. This 
applies to all the results labeled as "Bradshaw's model". 
In Fig. 4.24 the present predictions for skin friction coefficients 
are compared with the data of Dean [147] and Byrne et al. [148], along 
with the predictions of [111] and [150]. The wall shear stress values 
in [148] were evaluated by indirect means involving velocity profile 
integration via the momentum integral equation, while Dean employed a 
Preston tube which is a more direct means of measuring wall shear 
stress. It is therefore reasonable to expect that Dean's experimental 
results are more reliable of the two. This conclusion can be further 
justified by noting that values of based on the momentum integral 
equation exhibit unacceptable tail-up behavior when x/D^^ > 30. 
The predictions of Model A are generally in good agreement with Dean's 
results. 
The effect of bridging (Model B) on flow development was also 
studied. In these cases, the turbulent viscosity profile was bridged 
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Fig. 4.21. Predicted displacement and momentum thicknesses along with 
shape factors for an annulus (r* = 0.99) compared with the 
results for a parallel wall duct 
128 
o 
^ 0.06 
MODEL A 
— EMERY AND GESSNER 
CEBECI ET AL 
5 O DEAN Re = 2.0 x 10 
BYRNE et al. Re= 2.2 x 10 
I l 
Fig. 4.22. Displacement and momentum thicknesses in the entrance 
region of an annulus (r* = 0.99) 
129 
0.24 MODEL A 
k - e MODEL 
0.20 
o MARRIOT Re 
0.12 
CD 
0.08 
o 
0.04 
P_D_ 0 . 0  
0 5 10 15 20 25 30 35 40 
X 
Fig. 4.23. Displacement and momentum thicknesses in an annulus 
(r* = 0.99) 
130 
**o 
u 
MODEL A 
BRADSHAWS MODEL 
k-e MODEL 
DEAN 
BYRNE ET AL. 
JX 
10 20 30 40 
Dh 
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right after the shear layers had merged. Figure 4.25 shows the center-
line velocity development as predicted by Model B. The experimental data 
of [147] and [148] along with the prediction of Model A are also shown. 
A sudden drop in the centerline velocity is observed when bridging 
is used in this manner which cannot be justified. Similar behavior is 
observed for displacement thickness and momentum thickness (see Fig. 
4.26). It can be concluded, therefore, that linear briding is not 
appropriate for hydrodynamic development. However, it will be shown 
later that for fully developed flow, it is a good approximation. 
Calculations were also made using the turbulence kinetic energy 
equation model (Model C). Figure 4.27 shows predicted turbulence 
kinetic energy profiles as compared to the data of Comte-Bellot [151]. 
Her data were taken in a high aspect ratio rectangular duct. In the 
present calculation which is for r* = 0.99, a free stream turbulence 
level of 0.02% was specified at the inlet. 
The predicted mean velocity distribution is shown in Fig. 4.28 
along with the data of Comte-Bellot. The present predictions compare 
very well with her data. Calculations were also made using Model A. 
The predictions of Model A (not shown) were too close to that of Model 
C to draw on the figure. It can be concluded that for hydrodynamic 
development, at least, employing a turbulence kinetic energy equation 
has no real advantage and that the length scale transport model predicts 
the flow development sufficiently accurately. 
Figure 4.29 shows the predicted variation of inner and outer wall 
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skin-friction coefficients along an annular duct (r* = 0.25). The 
experimental data of Heikal et al. [48] using a Preston tube and their 
predictions using the k-E model are also shown. The variation pre­
dicted by Model A is qualitatively similar to that of the k-E model and 
the fully developed values are well-predicted. The measured skin-
friction coefficients in the entrance region are somewhat higher than 
the calculated values. The variation of measured skin friction in the 
entrance region suggests that Heikal's experiment is not a representa­
tive test case for a developing turbulent flow in an annulus with 
uniform flow at the inlet and that laminar-turbulent transition might 
have taken place in the entrance region. The mismatch of the inlet 
conditions between the experiment and the calculation is further 
suggested by the comparisons shown in Figs. 4.30 and 4.31 for turbu­
lence kinetic energy profiles at four streamwise stations. The pre­
dicted and measured profiles do not compare well in the entrance region 
but the agreement becomes better farther downstream. 
The predicted variation of mean velocity at particular radii 
along the duct is compared in Fig. 4.32 with the experimental data of 
Heikal et al. and predictions using the k-E model. All results are for 
a free stream turbulence level of 0.02% at the inlet. The calculations 
of Heikal et al. [48] were started as laminar and a switch to turbulent 
flow calculation was made at a particular "boundary-layer thickness 
Reynolds number" (not mentioned). They do not give any reason as to why 
this was necessary. 
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Figure 4.33 shows the fully developed velocity profile in an annulus 
of radius ratio 0.556 predicted by Model A along with the experimental 
data of Kuzay [70]. Another such comparison is made for an annulus of 
radius ratio 0.25 where predictions were made using both Models A and B 
and are compared with the data of Ball and Azer [67] in Fig. 4.34. 
Predictions of Model B seem to be only slightly better than those of 
Model A. Reynolds stress profiles were also calculated for an annulus 
of r* = 0.25 using Models A and C. In Figs. 4.35 and 4.36 these pro­
files are compared at two streamwise locations (x/D^ = 32, 44.5) with 
the experimental data of Heikal et al. [48]. The predicted profiles 
are within the scatter of the experimental data and the difference 
between the predictions of Model A and C is negligible. The reason 
for this negligible difference is that, from Eq. (2.19), shear stress is 
zero whenever = 0 even if y is not zero there. So improvements in 
oy 1 
the turbulent viscosity profile provided by Model C have little effect 
on the Reynolds stress profile. This further confirms the conclusion 
arrived at earlier that Model A predicts the flow development in ducts 
sufficiently accurately and no more sophistication in the turbulence 
model is needed for such flows. 
Another comparison between the predictions of Models A, B, and C 
is given in Table 4.1 where the predicted fully developed shear stresses 
at the inner and outer wall are compared with the experimental data of 
Kuzay [70] taken in an annulus of radius ratio 0.556. Kuzay evaluated 
shear stress by three methods namely. 
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Table 4.1. Predicted inner and outer wall shear stresses in an annulus 
(r* = 0.556) as compared to the data of Kuzay [70] 
Method 
2 2 
Newtons/m Newtons/m 
Effective stress 
_ 
l+r* 
2 
Newtons/m 
Measurements 
Re = 33156 
Force balance 0.1968 0.1798 
Clauser plot 0.2077 0.1626 
Preston tube 0.2222 0.1926 
Predictions 
Re = 32285 
Model A 0.2204 0.1863 
Model B 0.2226 0.1913 
Model C 0.2189 0.1857 
0.1860 
0.1790 
0.2033 
0.1987 
0.2027 
0.1977 
1) Fully developed region force balance between the wall 
and the radius of zero shear. 
2) Clauser plot technique. 
3) Preston tube method. 
The present predictions are closest to the values measured by 
Preston tube. While the use of Preston tubes to measure wall shear 
in annular passages has been a matter of controversy [154-156], it 
is reasonable to assume that for this radius ratio (r* = 0.556) the 
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results given by it will be reliable. 
Figure 4.37 shows the predicted inner and outer wall velocity 
profiles drawn on the "law of the wall" coordinates, as compared with 
the results of Lawn and Elliot [35] for r* = 0.396. At this radius 
ratio the predictions agree quite well with their data and seem to 
suggest that a universal logarithmic region with Patel's [157] sug­
gested constants exists near each wall. However, at very small radius 
ratios, it has been suggested that the universal log law does not hold 
at least near the inner wall. For such cases, a modification in the 
turbulence model was suggested earlier in order to account for large 
transverse curvature (see Eq. (2.57)). Calculations with and without the 
curvature correction were made for an annulus (r* = 0.088) and are shown 
in Fig. 4.38. It can be seen that with the proposed modification in the 
damping constant, A*^, the predictions agree well with the data of [35]. 
Table 4.2 gives the values predicted for the radius of zero shear and 
the ratio of shear stresses for the same annulus using the transverse 
curvature correction. The present predictions are for Re = 2.37 x 10^. 
Results of Lawn and Elliot [35] are also given in the table. 
2. Thermal results 
Heat transfer calculations were also made both for simultaneously 
developing hydrodynamic and thermal boundary layers and for cases 
where the flow was hydrodynamically fully developed at the inlet. 
Figure 4.39 shows the predicted Stanton number for an annulus 
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Table 4.2. Predicted (Model A with curvature correction) and measured 
[35] values of some parameters for an annulus with r* = 
0.088 
Method rT tT 'Î 'l. 2'"^f 
2 2»% 2"^ 
Measurements 0.362 + 0.0031 1.61 1.532 + 0.028 0.952 + 0.01 
Predictions 0.3623 1.603 1.529 0.953 
(r* = 0.99) as compared to the data of Byrne et al. [148] taken in 
the entrance region of a parallel passage with one wall heated. A 
constant heat flux boundary condition was assumed in the calculations 
which were made using Model A. The predicted Stanton number is in 
good agreement with the data except very near the entrance where the 
differences are exaggerated by using a log-log plot. The reason for 
this discrepancy near the inlet is that in the experiment of Bryne 
et al., heating started at a small distance downstream of the inlet 
while the present calculations were made by assuming that the heating 
started at the inlet. Another thermal computation was made with an 
unheated starting length (x/D^ =0.3) to approximate Byrne's experi­
mental conditions. The results are shown in Fig. 4.40 along with the 
data of [148]. It can be clearly seen that the predictions are greatly 
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improved by matching the initial conditions existing in the experiment. 
The predicted Reynolds analogy factor is shown in Fig. 4.41 and is 
compared with the data of Byrne et al. The present predictions were 
made with a constant turbulent Prandtl number of 0.9. 
The predicted variation of Nusselt number in the entrance region 
of an annulus (r* = 0.476) is compared in Fig. 4.42 with the data of 
Roberts and Barrow [80] at two different Reynolds numbers. Predictions 
were made using Models A and C. Since both predictions were nearly 
identical, only the results from Model C are shown. The predicted 
value of fully developed Nusselt number at the higher Reynolds number 
is about 15% higher than that given in [80]. The fully developed value 
given by the correlation suggested by Dalle Donne and Meerwald [72] 
(see Eq. (1.6)) agrees with the present predictions. Calculations 
were also made (for the higher Reynolds number) using a variable 
turbulent Prandtl number, similar to that given in Eq. (2.48) with a 
wall value of 1.5, and a significant improvement between the predictions 
and the data of Roberts and Barrow was noted. However, improved agree­
ment with data from just one experimental study was not seen as suf­
ficient justification for adopting the more complex Pr^ model, 
especially in view of the discussion provided in Section B.6 of Chapter 
II. A constant value of Pr^ = 0.9 seems to simulate most of the cases 
tested in this study. 
The effect of bridging on Stanton number is shown in Fig. 4.43 
where the predictions are compared with the experimental data of Furber 
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et al. [71] taken in an annulus (r* = 0.68) for flows of both nitrogen 
and helium at high pressure. The thermal boundary conditions were those 
of constant heat flux at the inner wall and an insulated outer wall. 
The flow was hydrodynamically developed at the start of heating. The 
present calculations are for Re == 20,000 and have made use of the proper­
ties of nitrogen given in Appendix F. The fully developed Stanton 
number with bridging seems to be about 8% higher than that without 
bridging. The difference, however, decreases with Reynolds number. 
Predictions of Model C, though not shown, are expected to lie between 
that of Models A and B. In Table 4.3, fully developed Stanton numbers 
obtained for an annulus (r* = 0.556) with outer wall heated are given. 
It can be seen that the difference between the predictions of Models 
A and B reduces with Reynolds number and the prediction of Model C 
lies in between that of Model A and B. 
Table4.3. Predicted fully developed Stanton numbers for an annulus 
(r* = 0.556) with the outer wall heated 
Model St 
Re = 32285 Re = 64131 
A 0.002907 0.002514 
B 0.003103 0.002661 
C 0.002938 0.002657 
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Figure 4.44 compares the predicted Stanton number with the meas­
urements of Furber et al. [71] at Re = 10^. The thermal boundary 
conditions were the same as mentioned before and only Model A was used. 
The agreement between the predictions and the data seems encouraging 
and suggests that a turbulent Prandtl number of 0.9 can give sufficient­
ly accurate predictions of wall heat transfer. Figure 4.45 shows the 
effect of varying heat flux on Stanton number. Again the present 
predictions (Model A) compare fairly well with the data of [71]. The 
predictions show that the Stanton number is reduced by about 18% if 
T /T, is varied from 1.0 to 2.0. The source of the properties of 
W  D  
nitrogen used in the present calculations has already been mentioned. 
Dalle Donne and Meerwald [72] also studied the effect of variable 
properties on Nusselt number and correlated their data as given in 
Eq. (1.6). They suggested that heat transfer coefficients can be better 
correlated with T /T„ instead of T /T, because in the former choice, 
W  U  W D  
the exponent c of the temperature ratio does not depend upon x/D^ 
after a certain length required for the temperature profile to become 
fully developed. Dalle Donne and Meerwald, based on the data taken in 
two annuli, suggested that the exponent c = -0.2. Calculations were 
made using Model A for the annulus with r* =0.5. A fully developed 
velocity profile was assumed at the inlet. The results at two streamwise 
locations (x/D^ = 40.3, 56.5) are shown separately in Figs. 4.46 and 
4.47 along with the experimental data of [72] at these locations. It 
can be seen that present predictions give a value of c = -0.31 as 
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against -0.2 suggested by Dalle Donne and Meerwald. Earlier, Dalle 
Donne and Bowditch [158] and Dalle Donne [159] had suggested different 
values of c for a tube: -0.255 for a tube with a long entrance 
length, and -0.304 for a tube with short entrance length. Also quite 
a wide range of values of c has been suggested in the literature (see, 
e.g., [72]) when heat transfer is correlated with T /T . So the value of 
w b 
-0.31 predicted in the present calculations should be considered as 
within the typical scatter of data. 
Figure 4.48 shows the temperature profile at 14.4 hydraulic 
diameters downstream of the start of heating, compared to the data of 
Ball and Azer [67]. Their data were taken in an annulus (r* = 0.25) 
using constant heat flux at the inner wall, with the outer wall insu­
lated. The temperature profile predicted by Model A does not compare 
well with the measurements [67], while the comparison is seen to be 
improved by bridging (Model B) the turbulent viscosity and, thus, the 
turbulent conductivity profile. Figures 4.49 and 4.50 show the com­
parison between all three models and the experimental data of Kuzay 
[70] at two different Reynolds numbers. In this experiment, an un-
heated length of 15 hydraulic diameters was followed by a heated length 
of 36 diameters (outer wall heated). These experimental conditions 
were matched in the predictions. It can be seen from Figs. 4.49 and 
4.50 that Model A predicts an unrealistically large temperature 
gradient in the region of maximum velocity because of the very small 
eddy conductivity predicted there. Both Models B and C offer 
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4.48. Predicted temperature profile (Re = 215,000) for flow of 
air through an annulas (r* = 0.25) compared with the data 
of Ball and Azer at 14.4 diameters downstream of the start 
of heating 
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Fig. 4.49. Predicted temperature profiles for flow of air through an 
annulus (r* = 0.556) compared with the data of Kuzay at 
33 diameters downstream of the start of heating 
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Fig. 4.50. Predicted temperature profiles for flow of air through an 
annulus (r* = 0.556) compared with the data of Kuzay at 
33 diameters downstream of the start of heating 
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improvement to the predicted temperature profile. In another test run 
(Re = 64131) with Model C, a variable turbulent Prandtl number similar 
to that given in Eq. (2.47) was used in order to provide a small value of 
Pr^ near the radius of maximum velocity. The predicted temperature 
profile by this procedure fell in between the predictions of Models B 
and C with Pr^ =0.9. 
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V. CONCLUSIONS 
An explitic finite-difference method for the prediction of variable 
property laminar and turbulent convective heat transfer in straight 
annular passages has been developed. The calculation scheme was 
evaluated for the following flow regimes: 
1) Laminar constant property flow 
2) Laminar vertical buoyant flow 
3) Turbulent flow with and without heat transfer 
A major part of this study was devoted to the development and 
evaluation of turbulence models for interacting shear layers. A first-
order ordinary differential equation for the transport of length scale 
was proposed. Consideration was also given to the effects of large 
transverse curvature and variations in the turbulent Prandtl number. 
Comparisons were made with the available experimental data to test the 
turbulence models and the calculation procedure. 
The following major conclusions are noted: 
1) The proposed finite-difference method is reliable. This was 
tested by applying it to relatively simple case of laminar forced 
convection. Good agreement with the available results in the literature 
was observed both for the variation of pressure gradient and NusseIt 
number. 
2) The calculation scheme provides an economical means for obtain­
ing predictions for reasonably complicated flows in annuli. None of 
the test cases reported in this study required more than 160 seconds 
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on an ITEL AS/5 and most were run in less than 100 seconds. 
3) In the calculations made for laminar vertical buoyant flows, 
it was found that the effect of natural convection on heat transfer 
was significant. Thus, this effect should be included in any such cal­
culation. In asymmetrically heated ducts, the velocity profile given 
by Eq. (3.18) is distorted greatly due to density gradients which 
results in eventual flow reversal near the unheated wall. The loca­
tion where the shear stress on the unheated wall goes to zero may be 
2 
taken as the location of the onset of flow instabilities. Gr/Re is 
believed to be a suitable correlation parameter for the prediction of 
this location. 
4) The transport of turbulence length scale in the outer region 
of a shear layer is an important consideration for any turbulent flow 
calculation where the flow is rapidly changing. The proposed length 
scale equation appears to model this transport satisfactorily. The 
observed nonmonotonic development of centerline velocity and other flow 
parameters in a plane duct is well-predicted by this model. 
5) The proposed correlation for the damping constant simulates 
the effect of large transverse curvature in agreement with the 
experimental data. 
6) A turbulent Prandtl number of 0.9 generally gave good results 
for Stanton number for the test cases considered in the present study. 
7) The temperature profiles predicted by use of the length 
scale model have large gradients in the central core region because of 
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very small values of turbulent conductivity predicted there. An im­
provement in the predicted temperature profiles was noted when the 
predicted turbulent conductivity profile was linearly bridged between 
the peaks. The use of the turbulence kinetic energy equation along with 
the length scale also resulted in an improved temperature profile. 
8) Property variations do appear to have a significant effect 
on the heat transfer coefficient, and the present calculation method 
is seen to predict these effects in reasonable agreement with experimental 
data. The predictions (made for flow of air with inner wall heated) 
show that Nusselt number can be correlated wlth'wall-to-inlet temperature 
ratio using an exponent of -0.31. 
In future research, the effect of large and small molecular Prandtl 
number on turbulent Prandtl number may be studied if experimental data 
becomes available. Further research may also be directed towards the 
prediction of flow in annular diffusers. The present method can be 
modified for that purpose by incorporating appropriate changes in the 
coordinates used. 
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IX. APPENDIX A: FULLY DEVELOPED TURBULENT 
VELOCITY PROFILE 
For fully developed flow, nondimensional momentum equation (3.2) 
can be reduced to: 
I df ^ £ 
or 
If 
After substituting for N^, this becomes: 
+ (A.l) 
f ~ (A.2) 
Then, Eq. (A.l) can be written as 
(û+pî^ |ip I + pî% |j-( !• I ) 
Now 
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Therefore, Eq. (A.3) becomes 
(y+2pl^ |ip|)|| " "fl " R " 
or 
Equations (A.2) and (A.4) form a set of two first order ordinary 
differential equations which can be solved to obtain a fully developed 
turbulent velocity profile. The equations contain the pressure gradient 
term, dP/dX, which in principle needs to be guessed or otherwise 
specified in order to obtain a velocity profile consistent with the 
specified Reynolds number (or mass flow rate). Rather than proceeding 
with this on a trial and error basis, it was found advantageous to 
relate the pressure gradient to the friction factor according to 
Eq. (1.4), which in nondimensional terms can be written as 
where the friction factor was determined using the parallel wall duct 
correlation, Eq. (1.2), 
fp = 0.087 (A.6) 
So that, 
^ = -0.087/((R2-R^)Re°-^^) (A.7) 
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The set of Equations (A.2) and (A.4) can now be solved using an 
appropriate integration technique. The known boundary conditions for 
the problem are: 
U(0) = 0 (A.8) 
U(Rj^)  =  0 (A.  9)  
In order that the integration can be stepped off using the Runge-
Kutta method (which is employed in the present study), a value of i|j(0) 
is needed which is unknown. This requires that an iterative shooting 
method be used. If the shear stress at the inner wall, ^ (0), is 
denoted by 
^(0) = s (A.10) 
and the velocity obtained at the outer wall as a result of solving the 
initial value problem, specified by Eqs. (A.2), (A.4) and (A.8), by 
U(R^) = X(s) (A.11) 
then, the problem is to find s such that, 
X(s)  = 0 (A.12a)  
The secant method (see, e.g. , [33]) was used to obtain the 
converged value of s. For initial estimates of s^ and s^, a successive 
relation can be written as 
^a+2 ^ g(7+l _ x(s^^^),G= 0,1,2... (A.12b) 
X(s )-X(s ) 
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Convergence has been observed to be quite fast if the first two 
estimates are made such that x(s^) and x(s^) are of opposite sign. 
The iteration was terminated when x(s^) < 0.0001. It generally took 7 
to 20 iterations to meet this criteria. 
After the converged solution is obtained, the Reynolds number is 
dp 
calculated. If this does not match the desired Re, must be cor­
rected and the whole procedure repeated again. The correction pro­
cedure has not been necessary to date since the Re computed has always 
been within 4% of the desired value which has been considered a close 
enough match for the present studies. 
The subroutine used for generating the fully developed turbulent 
velocity profile was first developed on a University of London 
computer CDC 6600. When the subroutine was later run on the ISU-IBM 
360/158, it was found necessary to use double precision. 
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X. APPENDIX B: THE SIMPLE EXPLICIT FINITE-DIFFERENCE 
SCHEME 
Since the Dufort-Frankel scheme, employed in the present 
study requires information at two upstream locations, a simple 
explicit method is used for the first step to start the solution. 
Finite-difference equations: 
The simple explicit form of the model Equation (3.8) is 
,m+l ,m, ,m ,m* 
j AX^ j AY R_,(AY^+AY ) 
+ -' 
,m 
*j+l/2 N*. 
j+1/2 
,m ,m 
+ S" (B.l) 
where the source term for the momentum equation is written as 
pffl+l determined by using the overall mass flow constraint as in the 
case of Dufort-Frankel equations. 
In case of (j)=U with b? as negative, the starred term is written as 
j AY •) 
+ 
The simple explicit form of the continuity equation is given as 
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*j+l/2 
^nri-l m+l 
Pj+l .1+1 P.i+l"i+l Pj 
m+l„m+l 
2AX. 
 ^^ .141^ 1+1^ 1+1 
,nH-l,,in+l _  ^  
AY 
J .1 .1 = 0 (B.2) 
+ 
Stability constraint on step size: 
The Von Neuman analysis, when applied to Eq. (B.l), reveals the 
following constraint: 
m 
AX^ < 
-r — 
r I, ni 
+ *1+1/2^01+1/2 *1-1/2^^1-1/2 
AY 2R.AY^(AY AY ) 2R.AY (AY +AY ) 
J + + -  ]  -  +  -
(B.3) 
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XI. APPENDIX C: CONSISTENCY OF DUFORT-FRANKEL 
EQUATIONS 
In order to show that Eq. (3.9) is a consistent representation of 
the model Equation (3.8), the following Taylor series expansions about 
the point (m,j) (see Fig. 3.1) can be written: 
OA .2. AX^^ .3, AX^^ 
\ -f + 
4 Ax/" 
+ (—4)4 + . . . (C.l) 
3X ^ ^ 
1 3A AX 2 3 AX 3 
AX + -y:- - -r:-
J ] ax J - J 2 3x3 J 6 
.4, AX ^ 
.3, AY^^ .4, AY^^ 
•I-i = - (#)- AY. + (A); ^  - (0); ^  
4 , AY 4 
+ (^-$); -2^- -... (C.4) 
9Y J 
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Using Eqs. (C.l) and (C.2), can be written as 
 ^_ (A)!" 5:^ -AV >1_AV ^ O/ ^ O 
'3X'j AX_^+AX_ 2 
.3. _ AX_^ \AX ^  
- 6(AX^+AXJ + • • • (C'S) 
where the first term on the right hand side is the finite-difference 
representation of used in Eq. (3.9). So the truncation error is 
.2, _ AX -AX „3, _ AX^^+AX ^ 
T'G" " 2 (gyj)] 6(AX^+AX_) + • • • (C.6) 
It can be seen that for equal grid the truncation error is of 
2 0[(AX) ] and for unequal grid it will be of 0(AX ). However, it should 
g2, 
be noted that for boundary layer flows —^ « 1 which makes the repre-
ax 
sentation of better than of 0(AX^) even for unequal grid. 
In a similar fashion it can be shown that the representation for 
^ is first order accurate for unequal grid while it becomes second 
order accurate for equal grid. 
g2. 
Using Eqs. (C.1-C.4), —^ can be written as 
BY 
3Y 
2 1 
AY^+AY AY 4- L + 
AX + AX (J)? 1 
-fd,"» ZJ ±-J ) 
^'j+1 Ax +AX ^ 
AY ^ AX,+AX ^j-1^ 
- 4- -
3..„ 3 
„3, AY-AY 
\ g/j G 
8Y^ j 3 
'kfn. +A?_ , fjLiavm 0W(+ -AK_ )AX+.6X_ 
" 12(AY^+AY_) AY^AY_ 12AY+AY_ 
(C.7) 
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It can be seen that the truncation error for an unequal grid is of 
AX .2 
0(AY ) and 0[ (-r^) ]. Thus the finite-difference formulation of —^ is 
^ 9Y 
consistent only if goes to zero faster than AY^. In order to make 
practical computations, however, AX should be much larger than AY ; in 
the present calculations, » 1 was used and numerical results 
+ 
compared well with the experiments and other implicit calculations. 
The reason why the Dufort-Frankel scheme still provides an exceptional­
ly good approximation to the governing partial differential equations 
perhaps lies in the fact that the entire term consists of 
g2, ^ AX^AX_ g2 
(—f-) . • and for boundary layer flows —% is negligibly small. 
9X^ J AY^ÛY_ ax 
Since the truncation error vanishes when AX_^ ->• 0, AY^ 0, it is 
concluded that the finite-difference representation, Eq. (3.9), is 
consistent. 
^3/2 
Due to stability considerations, k appearing in the dissipation 
term of the turbulence kinetic energy Equation (3.7) was modeled as 
[Eq. (3.13)]: 
' r V AY++AY. I V AX^ +AÏ_ I 
It will now be shown that the weighted average, both in X and Y 
directions, used to represent k™ is also mathematically consistent. 
Using the Taylor series expansions in X-direction, Eqs. (C.l) 
and (C.2), for k=(J), 
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AX + AX.kT^ a2A AX AX 
Z_J + 1 _ + -v'" = J (±L_bK.) 
j AX++AX_ 2 
.3. _ AX AX 
- M) . (AX -AX ) - . . . (C.8) 
9X J ^ ~ 
2 
which shows that the truncation error is of 0[(AX^) ]. 
Now for Y-direction averaging, from Eqs. (C.3) and (C.4), for 
k=({). 
_ '^ +^^ 1-1 _ zi^ xin 
j AY_^+AY_ 2 
„3, ^  AY.AY 
- (-#)? . "(AY -AY ) - . . . (C.9) 
9Y^ j ^ •*• 
2 
Here also the truncation error is of 0[(AY_^ ) ]. So the repre­
sentation of (k^)given in Eq. (3.13) is mathematically consistent. 
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XII. APPENDIX D: SIMPSON'S RULE FOR AN UNEQUAL GRID 
The problem under consideration is the numerical integration of 
a function f(Y) over the interval Let Y^ = -AY_, Y^ = 0 and 
Y^ = AY_^. A quadrature formula can be developed for 
AY 
-AY 
f(Y)dY, such that 
AY 
A^f(Y^) + AgffYg) + AgffYg) = 
+ 
-AY 
f(Y)dY (D.l) 
where f(Y^), f^Yg) and ffY^) are the nodal values of the function 
f(Y), and A^, , A^ are weights which depend on the grid spacing. 
Eq. (D.l) is exact if f(Y) = 1, or f(Y) = Y, or f(Y) = Y^, so 
FAY. 
Ai + Aj + A3 -
-A, AY + A„AY^ = 
1 - J + 
AY 
AY 
1 dy = AY, + AY 
+ — 
(AY,;2-(AY )2 
+ Y dY ;; — 
(D.2) 
(D.3) 
J-AY 
A^(AY_)2 + AgCAY^)^ = 
rAY (AY )3+(AY_)3 
Y dy = 
-AY 
(D.4) 
Multiplying Eq. (D.3) by AY_ and then adding Eq. (D.4) to it 
results in: 
A^ AY_|^ (AY^ +AY 
- ' • [  
(AYJ^+(AY )^ AY ((AY,)^-(AY )^) 
-r — __2 Î ~ ] 
Noting that 
(AYJ^+(AY )^ = (AY +AY )^-3AY,AY (AY +AY ) 
T — -r — "T — ^ — 
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the above equation can be written as 
^ f A Y +/\Y ' ^ 
= 
3 AY, 
( A )" AY (AY -AY ) \ -
or 
A3 = 
AY_|_+AY_ 
AY 
+ 
AY +AY AY 
T — (D.5) 
Multiplying Eq. (D.2) by AY_ and then adding Eq. (D.3) to it results in: 
(AY ) (AY ) ^ (AY +AY 
A_AY + A_(AY +AY ) = = + AY AY + AY = . — 
2 - 3  +  -  L  4 -  -  -  2  
or 
(AY +AY ) ^ AY +AY 
4 - MY_" - S —ÂC 
Now from Eq. (D.2) 
A^ = (AY^+AY_) - Ag - Ag (D.7) 
Once A^, A^, A^ have been determined, Eq. (D.l) can be used 
to integrate f(Y). 
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XIII. APPENDIX E: EVALUATION OF WALL DERIVATIVES 
The shear stress and heat transfer at the walls (Eqs. (2.72) 
and (2.86)) are directly proportional to the gradients of axial velocity 
and temperature evaluated at the walls, respectively. Three schemes 
for evaluating wall derivatives were tested: a straight line fit 
between the wall and the first point out or a second and third degree 
polynomial fit using three and four points, respectively. The second 
degree curve, though found suitable for laminar flows, did not give 
satisfactory results for turbulent flows. The first and third degree 
polynomial fits gave, in general, satisfactory results; the former 
was found particularly suitable for turbulent flows where the first 
calculation point is very near the wall as the nondimensional velocity 
is known to be very nearly linear with the distance. 
The computer code calculates wall derivatives using both the 
straight line and third degree polynomial fits. For the straight line 
fit, the wall slope is (see Fig. 3.1) 
,. ,m+l ,m+l 
^ m+1 ^ *2 
9Y AYI 
( E . l )  
inner 
wall 
and 
,, ,m+l .m+1 
wall 
The wall slope for the third degree polynomial fit is given by the 
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following four point difference scheme: 
II = (PTA)0^*1 + + (PTC) 4)^^ + (PTD)(f)^^ (E.3) 
inner 
wall 
and 
9Y 
= (PSA)*^*1 + (PSB)(j)®;î;J + (PSC)0^+1 + (PSD)0^+2 (E.4) 
outer 
wall 
where 
PIB . (E.5) 
AY^RS 
PIC . - , (E.6) 
AY^(1+RS)RS^ 
PTD = n Ô (E.7) 
AY^(1+RS+RS^)RS 
PTA = -PTE - PTC - PTD (E.8) 
Here RS is as defined in Eq. (3.16). 
Similar relations hold for PSA, PSB, PSC and PSD. 
202 
XIV. APPENDIX F: FLUID PROPERTIES 
The property relations employed to furnish the properties of the 
fluids used in the present study are given below. 
A. Air and Nitrogen 
1. Density 
Density of both air and nitrogen can be calculated using the 
perfect gas law: 
or 
P - ^  (F.l) 
g 
where 
R^ = 287.7 joules/(kg °K) for air 
= 296.9 joules/(kg °K) for nitrogen 
2. Coefficient of thermal expansion 
The coefficient of thermal expansion, can be calculated by 
use of perfect gas law, Eq. (F.l), as 
6 = Y (F'2) 
3. Viscosity 
For air viscosity can be calculated using the following relation 
[157]: 
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y = kg/(in-sec) (F. 3) 
For nitrogen, a power law was employed, 
(F.4) 
^0 0 
where the exponent was determined using the data given in [160]. 
4. Thermal conductivity 
Thermal conductivity can be given as [160] 
Z (T)L/2 
X = W/(m °K) (F.5) 
z +10 y 
1+^-^— 
where, for air, 
Z^ = 2.646 X 10 ^ 
Zg = 245.4 
Z = 12 
and for nitrogen (T < 300 °K), 
= 2.527 X 10"® 
= 224 
Z3 = 12 
For nitrogen, at T > 300 °K, the thermal conductivity can be 
calculated using the following expression [160]: 
X = z^(i + z^n - z^n^ + z^n^) w/(m °k) (f.6) 
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where 
n = T - 273.16 
= 2.41 X 10 -2 
Z = 3.13 X 10 -3 
Zg = 1.33 X 10 
,-6 
Z, = 2.63 X 10 -10 
5. Specific heat 
Specific heat at constant pressure can be calculated using a power 
law of the form 
B. Distilled Water 
The property relations listed below are taken from [161] and 
correspond to a pressure of 1.38 bars. 
1. Density 
Equation: 
(F.7) 
where can be found from the data given in [160]. 
p = 999.88 - 3.5019% - 3.4895%^ + 0.17251:^ kg/m^ (F.8) 
where 
1.8T - 510 
50 
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Temperature range: 284 - 366 °K 
2. Coefficient of thermal expansion 
Using Eq. (F.8), coefficient of thermal expansion can be written 
as 
-3.5019 - 6.979% + 0.51753%^ 1_ , 
~ 27.777(999.88 - 3.5019% - 3.4895:^ + 0.17251%^) °K *• '' 
where 
„ ^  1.8T - 510 
^ 50 
3. Viscosity 
Equation: 
M = 4.787 X 10"^ exp(5.6036 - 0.76097% + 0.1245%^ - 0.01133%^) 
kg/(m-sec) (F.IO) 
where 
„ _ 1.8T - 510 
50 
Temperature range: 284 - 366 °K 
4. Thermal conductivity 
Equation; 
X = 0.58658 + 0.04756% - 0.00588%^ W/(ra °K) (F.ll) 
where 
TT 1.8T - 510 
" • 50 
Temperature range; 284 - 366 °K 
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5. Specific heat 
C can be calculated if the molecular Prandtl number is known, 
P 
liC 
Pr = -^ 
where li and X are already known from Eqs. (F.IO) and (F.ll). 
The Prandtl number is given as [161] 
Pr = exp(2.2279 - 0.84747: + 0.14015:^ - 0.012083%^) (F.12) 
where 
1.8T - 510 
" = 50 
Temperature range: 284 - 366 °K 
C. Ethylene Glycol 
Property relations given below are taken from [161]. 
1. Density 
Equation: 
p = 1000/(0.924848 + 6.2796 x lO'S + 9.2444 x 10~^]I^ 
+ 3.057 X 10"V) kg/m^ (F.13) 
where 
n = T - 338 
Temperature range: 278 - 445 °K 
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2. Coefficient of thermal expansion 
Using Eq. (F.13), coefficient of thermal expansion can be written as 
, 6.2796x10"^ + 1.84888xl0~^n + 9.171xl0"^n^ 1 
^ -4 -7 2 -9 3 °K (F.14) 
0.924848 + 6.2796x10 H + 9.2444x10 H + 3.057x10 H 
where 
n = T - 338 
3. Viscosity 
Equation: 
y = 0.001 exp(3.80666 - 1.79809% + 0.38590%^ - 0.05878p 
+ 0.004173n^) kg/(in-sec) (F.15) 
where 
„ 1.8T - 500 
" 60 
Temperature range: 278 - 422 °K 
4. Thermal conductivity 
Equation: 
X = 0.3156 - 3.98xlO"^n W/(m °K) (F.16) 
where 
n = 1.8T - 460 
Temperature range: 277 - 450 °K 
5. Specific heat 
Equation: 
Cp = 2313.7 + 173.64n + 14.644%^ joules/kg-°K (F.17) 
where 
208 
„ _ 1.8T - 500 
80 
Temperature range: 277 - 422 °K 
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210 
C * * * * * * * * * * * * *  * * * * * * * *  * * * * *  * * P R O  O K  A M  A N N U L  U S  < ' * * « ' « • * * * * * » * • * * * « < *  * * * * * * *  * * * * * * * * * * *  
C * * * * * * * # * * * * * * M U J E E 8  M A L I K * * * * * *  I O W A  S T A T E  U N I V E R S I T Y * * * * * * * * * * * * * * * * * * * * * * * * *  
C  C A L C U L A T E S  V A R I A B L E  P R O P E R T Y  L A M I N A R  A N D  T U R B U L E N T  F L O W  H E A T  T R A N S F E R  W I T H  
C  D & V E L O  S I N G  O R  F L L L Y  Ù E V t L O P E D  F L O W  A T  T H E  I N L E T  
C  P R O P E R T Y  F U N C T I O N S  F O R  T H E  F L U I D  U S E D  S H O U L D  B E  I N P U T  
C * , * * * * * * * * *  I N P U T  D A T  A *  » • » * » * » * * * * *  
C  D E N S  =  D E N S I T Y  A T  T F E  I N L E T  ( L B M / F T 3 )  
C  D E N S  =  - ( D E N S I T Y )  I F  V A R I A B L E  D E N S I T Y  U S E D  
C  V i s e  =  \ i I S C C S I T Y  A T  T H L  I N L E T  ( L B M / F T - S E C )  
C  V i s e  =  - ( V I S C O S I T Y )  I F  V A R I A B L E  V I S C O S I T Y  U S E D  
C  U S T A R T  -  V E L O C I T Y  A T  T H E  I N L E T  ( F T / S E C )  
C  U S T A R T  -  - ( M E A N  V E L O C I T Y )  I F  F U L L Y  D E V E L O P E D  F L O W  
C  P S T A R T  =  I N L E T  P R E S S U R E  ( P S F )  
C  R A 0 1 , k A 0 2  =  R A D I U S  O F  I N N E R  A N D  O U T E R  W A L L S  R E S P E C T I V E L Y  ( F T )  
C  H I  =  V A L U E  O F  I  N I . E T  F R E E  S T R E A M  T K E  ( K / U 0 2 )  
C  H 2  =  0 , 1 2  U S E D  I N  L  M O D E L  
C  H 3  =  0 . S 2  U S E D  I N  L  M O D E L ( F O R  D E V E L O P I N G  F L O W S )  
C  H 3  -  1 . I  ( O R  S O M E  O T H E R  C L O S E  V A L U E ) U S E D  I K  F D V P  
C  H 4  =  0 .  I F  T R A N S .  C U R V A T U R E  C O R R .  N O T  R E Q U I R E D  
C  H 4  =  0 . 1  I F  T R A N S .  C U R V A T U R E  C O R R .  R E Q U I R E D  
C  H 7  =  0 .  I F  T K E  L S F C  
C  H 7  . G E .  2 .  I F  T K E  L S E O  A N D  S O L U T I O N  S T A R T E D  A G A I N  A F T E R  H E A D I N G  F R O M  D I S K  
C  H 7  . L T .  0 .  T K E  N O T  L S E D  
C  H 7  =  - 2 .  I F  B R I D G I N G  E M P L O Y E D  F O R  F D  F L O W  
C  H 5 . H 6 , H 9 , H 1 0  K E S E f R C H  P A R A M E T E R S  N C  L O N G E R  U S E D  
C  H T C  < 0 .  I F  N O  H E A T  T R A N S F E R  
C  H T C  >  0 .  I F  F E A T  T R A N S F E R  (  = P W T  F O R  T U R B U L E N T  F L O W S )  
C  D X F  =  R E S E A R C H  P A K A N E T E R  U S E D  I N  P R E S S  ( U S E  4 . )  
C  P X F K  =  M A X  P E L X / D E L T A O  O R  D E L X / T B T H I C  A L L O W E D  ; A  V A L U E  O F  0 . 5 - 0 . 7  S U G G E S T E D  
C  L O W E R  V A L U E  C A N  B E  U S E D  B U T  W I L L  R E S U L T  I N  M O R E  C O M P U T E R  T I M E  
C  C ) C  =  D E L X F / D E L X B  A L L O W E D ;  A  M A X  O F  1 . 0 5  R E C O M M E N D E D  
C  V J S . V J F  =  R E S E A R C H  P A R A M E T E R S  N O  M O R E  U S E D  
C  R T  =  R A T I O  O F  S U C C E S S I V E  C R O S S  S T R E A M  G R I D  N E A R  C U T E R  W A L L *  U S E  1 . 0 7 )  
C  D E L Y  =  D F L Y  N E A R E S T  T H E  O U T E R  W A L L  F C R  V A R I A B L E  G R I D  ( F T )  
C  F C C N  =  0 .  I F  N O  B U O Y A N C Y  
C  F C O N  <  0 .  I F  O O L S S I N E S Q ' S  A P P R O X I M A T I O N  U S E D  I N  T H E  B U O Y A N C Y  T E R M  
C  F C C N  >  0 .  I F  D E N S I T Y  V A R I A B L E  E V E R Y W H E R E  
C  G G =  1 .  F C R  D O W N W A R D  F L O W  
C  G G = - 1 .  F O R  U P W A R D  F L O W  
C  B E T A  =  C O E F F I C I E N T  C F  T H E R M A L  E X P A N S I O N  A T  I N L E T  M E A N  T E M P  ( 1 / R )  
C  P R E A D  <  0 .  D A T A  N O T  R E A D  F R C M  T H E  D I S K  
C  P R E A D  : >  0 .  D A T A  R E A D  F R O M  T H E  D I S K  
C  P W R I T E  <  0 .  C A T  A  N C T  W R I T T E N  C N  T H E  D I S K  
C  P W R I T E  >  0 .  C A T A  W R I T T E N  C . N  T H E  D I S K  
C  C H E C K  <  0 .  I F  H E A T  T R A N S F E R  C A L C U L A T I O N S  S T A R T E D  A F T E R  S O L V I N G  M O M  E O N  U P  
C  T O  C E R T f I N  D I S T A N C E  
C  C H E C K  >  0 .  I F  B O T H  h Y D R O D Y N A M I C  A N D  T H E R M A L  C A L C U L A T I O N S  S T A R T E D  
C  S I  r / U L T A N E C U S L Y  
C  S T L F  >  C .  S T R A I G H T  L I N E  F I T  
C  S T L F  <  C .  3 R D  D E G R E E  P O L Y N O M I A L  U S E D  
C  N Y  =  N O .  O F  Y  S P A C I N G S  ( E V E N  N U M B E R )  
C  N T  =  N C .  C F  P R I N T  S T A T I O N S  ( I S T E P . L T . O )  
C  N S T  =  A / A X  I C O U N T  A L L O W E D  
C  I S T E P  <  0  I F  P R I N T  C U T  A C C O R D I N G  T O  D I S T A N C E  
C  I S T E P  =  N O .  O F  C A L C U L A T I O N  S T E P S  A F T E R  W H I C H  S O L U T I C N  S H O U L D  B E  P R I N T E D  
C  R E P E A T E D L Y  
C  L C A S E  <  0  I F  L A S T  T E S T  C A S E  
C  L C A S E  >  0  I F  M O R E  T E S T  C A S E S  F O L L O W  
C  L O R T  <  C  F U R  L A M I N A f  F L O W  
C  L O R T  = . - 4  I F  V A R  G R I D  T C  B E  U S E D  F O R  L A M I N A R  F L O W  
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c  L O F T  >  0  F O f i  T U R B U L E N T  F L O W S  (  =  M A X  N O .  O F  I T E R A T I O N S  F O R  I T E R A T I V E  
C  S H O C T I N G  M E T H O D .  I r  =  8  D R  9 .  S O M E  P A R M E T E R S  I N  P R E S S  K I L L  B E  P R I N T E D )  
C  L O C P G  <  0  N U S S E L T  N C . , C F .  E T C .  W I L L  N O T  B E  S T O R E D  O N  T H E  D I S K  
C  L O C P G  >  0  T H E S E  P A R A M E T E R S  W I L L  B E  S T O R E D  C N  T H E  D I S K  
C  I P K I N T  <  0  P R I N T  C t T  A C C O R D I N G  T O  X / O H  
C  I P R I N T  -  0  P R I N T  C U T  A C C O R D I N G  T O  X / D H * R F D  
C  I P R I N T  >  0  P R I N T  C U T  A C C O R D I N G  T O  X / O H * R E D » P R  
C  X T R 1 , X T R 2  R E A D  C N L V  I F  L O R T  >  0  <  S E E  L I S T I N G  F O R  E X P L A N A T I O N )  
C  A P .  V O K C  =  2 6 .  A N D  0 . 4 1  R E S P E C T I V E L Y  
C  H T K  =  T H E R M A L  C C N D U C T I V I T Y  ( B T U / H R - F T - R )  
C  H T K  -  - ( T H E R M A L  C O N C U C T I V I T Y )  I F  V A R I A B L E  
C  C P C C N  =  S P E C I F I C  H E A T  ( B T U / H R - R )  
C  C P C C N  =  - ( S P E C I F I C  H E A T  )  I F  V A R I A B L E  
C  T O  =  I N L E T  T E M P  < K )  
C  T W l  =  0  I N N E R  W A L L  I N S U L A T E D  
C  T W l  >  O . U t o T  =  T h l  
C  T W l  <  0 .  U H F  =  A 8 S ( T W 1 )  
C  T W 2  =  0  O U T E R  W A L L  I N S U L A T E D  
C  T W 2  >  0 ,  O U p T  =  T l » 2  
C  T W 2  <  O f  U H F =  A 8 5 ( i * 2 )  
C  C O R I N  =  0  e C T H  W A L L S  H E A T E D  
C  O O R I N  >  0  C N L Y  I N N E R  W A L L  H E A T E D  
C  O Q R I N  <  0  C N L Y  C U T E R  W A L L  H E A T E D  
C  0 U T ( K ; . K = 1 . N T  P R I M  O U T  S T A T I C N S  A C C O R D I N G  T O  X / D H  O R  X / D H * R E O  
C  G R  X / O H » R E D * P R  ( D E P E N D I N G  U P O N  V A L U E  C F  I P R I N T )  
D I M E N S I O N  C U T ( 3 0 ) , > 0 5 ( 6 6 ) . T I T L E ( 2 0 )  
C O M M O N / X K E N / X K N l ( 1 0 1 )  , X K N 2 ( 1 0 1 ) . X K N 3 ( 1 0 1  )  .  P K ( 1 0 1 )  . K O  I . N J 1 . N J 2 . X D H  
C O k N C N / X F R / P R  
C C Y M C N / A H M A D I / T l ( 1 0 1 ) , T 2 ( 1 0 1 ) , T 3 ( 1 0 1 ) . T * 2 . T W 1 . J T D E L . T B T H I C . O O R I N .  
S D T O Y O . C T C Y I . T C C N V . X K C U N V . T M E A N , X T M E A N , Q C V , Q C D . H A V E 2 . H A V E 1  
C O M M C N / T R A N S / X T R l . X T R 2 , X T R E 1  . X T R E 2 . H E X T R l  , R E X T R 2 . X L M D A 1 . X L M 0 A 2  
C O M M C N / M U X / J O I . U P C  1 . U P C 2 . U P C 3  
C O M W C N / M T F / X H { 1 0 1 ) , X K ( 1 0 1 ) . H T C  
C O N P C N / M C M E N T / R E T & . R E T  I . D I S P T I  . T H E T I , H H I , D I S P T O . T H E T C . H H O  
C C M M O N / M P V X / U l ( 1 0  1  ) . U 2 ( 1 C 1  ) . U 3 ( 1 0 1  ) . V ( 1 0 1  )  , E V ( 1 0 1 ) . E K ( 1 0 1 ) . E V F ( 1 C 1  
*i ,EVe( 1 0 1  )  , E K F ( 1 0 1J . E K B(lOl) . 0 1 ( 1 0 1 ) . D 2 (  101> , D 3(101) .C(lOl).NS, 
S I C C U N T  . D E L X F . D E L X B . D E L X T , D E L P P . P D R O P . P O . P P  
C C M M C N / P R O B E / P T A , P T B , P T C , P T O  
C O M M Q N / U M M / F C O N . G G  . B E T  A , U G F , F D V  
C Q M M O N / E N E R G Y / S Q C V • S Q C D . Q I . T M E A N l . H A V E  1 1 , H A V E 2 2  
C Q M H C N / M F / D P D  
C G M V C N / M Y / R T , R S , D E L Y  
C C M M O N / V M P / P I . X M A S S . D E L P T  
C O V M C N / D E L / J D E L . J C E L I , J D E L O . D E L M I N . D E L T A l . O E L l A O . M N , D X F . V J S . V J F .  
S D X F M . C C C  
C O M M C N / S T U P I D / L Q R T . N S M l . P S A . P S B . P S C . P S D . X C O N V . S  I  .  S 2  
C O M M C N / N A I L A / T H E P K . C P V A R . D V A R . C V I S C . D M E A N . C P M E A N . V M E A N , X K M E A N ,  
s u e . V O , C O . T O . P S T A R T . H T K . C P C C N  
C0MMCN/ H H H H / H 1 , H Z . H 3 . H 4 . H 5 . H 6 , H 7 , H 8 . H 9 , H 1 0  
CCMMCN/LATE/M.MM.N.NNl,NM2,NY,R1,R2.0YB(101),DYF(101).DYT(101), 
SY(101).YF(101).Ye{101),R(l01> 
C C M M O N / T U R B / X L ( 1 0 1  ) . T A ( 1 0 1 ) . T V (  1 0 1 ) . P O U T (  1  0  1 1 . U S T 1 . L S T 2 . G C O N . D D 1 ,  
I D 0 2 . A P . V C K C . X O I S T . D U D Y C » O U D Y I . T A U l , T A U 2  
C C M M C N / X B I R T H / P R E A C . P W R I T E . S T L F . X C 1 « X C 2 . D E L I , D E L 2 , U E , C H E C K , R E D  
C O f M C N / X N E h / T A l P , T A 2 P , H A V E 1 P . H A V E 2 P . T 3 P L 1 , T 3 P L 2  
D A T A  X D S / # 2 * « 3 # # 4 * # 5 # # 7 # 1  «  # 1  2 * 5 # 3 «  * 3 # 5 # 4 * * 4 « 5 # 5 * * 5 # 5 * 6 * # 6 # 5 #  
$ 7 • « 7 » 5 t 8 « t â * 5 >  9  # f 1 C  *  *  2 1 « « 1 2 # • 1 3 «  # 1 4 *  * 1 5 #  *  1 6 # # 1 7 # # 1 8 *  # 1 9 # *  1 9  #  5  #  
$ 2 0 # # 2 0 * 5 # 2 1 # # 2 l # 5 * 2 2 *  # 2 3 * # 2 4  # # 2 5 # # 2 6 #  #  2 7  #  * 2 B # # 2 9 * # 3 0 # * 3 1 # # 3 2 # v 3 3 #  #  
S 3 4 # * 3 5 # # 3 6 #  # 3 7 # # 3 G # # 3 9 # * 4 0 # # 4 1 # # 4 2 # *  4 3  # # 4 4 # # 4 5 # # 4 6 * # 4 7 # # 4 8 # # 4 9 # #  
$ 5 C # /  
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I N T E G E P  P S  
J C X = - 1  
I  C f i A l - H - l  
G C C N = 3 2 . 1 7  4  
P 1 = 2 . 1 4 1 5 9 2 6  
RV=-1. 
X J C = 7 7 e . 0  
2 0 0 2  C C N T I N L E  
X D h = 0 .  
J C  1 = 0  
R E T C = 1 .  
P S =  1  
J C E L - 2  
1 C C U N T = 0  
I S I A T =  1  
X C 1 = - 1 .  
X  T R l - 0  .  
X T K Z = 0 .  
X T P E 1 - - 1 . 0 E 2 0  
X T R E 2 = - 1 , 0 E 2 0  
X L M D A l = - 1 .  
X L V C A 2 = - 1 .  
U F C 1 = 1 .  
U F C 2 - 1 .  
U P C 3 = 1 .  
T A U 1  =  0  . 0  
D E L P F - 0 . 0  
P C R C P = 0 . 0  
F D V = - 1  . 0  
C P V A R = - 1 . 0  
D  V  A  R =  -  1 .  0  
T H E R K = - 1 . 0  
C V I S C = - 1 . 0  
P R F  =  - 1  .  
Q C V = 0 . 0  
Q C C = 0 . C  
FETOO. 
R E A O ( E , 1 ) T I T L E  
1  F C P M A T ( 2 0 A 4 )  
2  F C f i ^ A T  < 1 0 G 1 3 . 4 )  
W R I T E ( ( . 3 )  
3  F C F M A T C l ' , / / / )  
k K I T E ( 6 , l ) T i r L E  
R P A 0 ( 5  t 5 ) D E N S . V  I S C  . U 3 T A R T . P S T A R T t R A O  1 , R A D 2  
5  F C  f i C A T ( 6 u l 2  . 5 J  
W R I T E  <e. 5 )  C E N S .  V  I  S C  .  t i S T  A R  T  , P  S T A R T  .  R A D l  . R A D 2  
R E A D < 5 , 5 ) H l . H 2 , H 3 . e 4 , H 5 , H 6 , H 7 , H 8 . H 9 , H 1 0  
W R l T E ( 6 , 5 » H l . h 2 . H 3 , H 4 , H 5 . H 6 , H 7 , M 8 . r i 9 . H 1 0  
R F A C ( 5 , 3 ) H T C . 0 X F , C > F M , C D C . V J S , V J F  
W R I T E ( t , 5 ) H T C . D X F . C X F M . C O C . V J 5 . V J F  
R E A O <  S . 5 ) R T , O E L Y . F C C N t G G . a E T A  
W R I T E(c, 5 ) R T . D E l . Y , F C C N . G G  .  B E T A  
R E  A D  ( S  . S J P R E A O . P W f i  I T E . C H E C K , S T L F  
W R I T E ( e . 5 ) H R t A D , P W R I T E . C H E C K  « S T L F  
R E A D ( 5 » 7 } N Y , N T , N S T  , I S T E P . L C A S E . L O R T , L O O P G , I P R I N T  
7  F C F M A T ( 8 1 1 0 )  
W R l T E ( 6 , 7 j N Y , N T , N S T , I  S T E P . L C A  S E , L O R T . L O O P G . I  P R  I  N T  
I F ( L G F : T . G T . 0 ) R E A C ( E . 5 ) X T R I  . X T R 2 . A P ,  V D K C  
C  X T R 1 = X T R 2 = - 1  I F  F L C W  I S  A S S U M E D  T O  B E  F U L L Y  T U R B U L E N T  
C  X T f i l = X T R 2 = 0  I F  T R A N S I T I C N  I S  T O  t E  C A L C U L A T E D  B Y  T H E  
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C  P R O G f i A A /  
C  X T f 5  1 > 0  e X T R 2 > 0  ,  I N P U T  V A L U E S  O F  L O C A T I C N  O F  T R A N S I T I O N  
1 F ( L C R T . G T . O I W R I T E ( 6 , 5 ) X T R 1 . X T R 2 , A F , V D K C  
I F ( H T C . L T . O . O J G O  T C  8 0 1  
R E / > D ( 5  . b  » H T K , C F C C N  t  T O . T t o l .  T W 2 . 0 0 R 1  N  
W R I T E ( C . 5 > H r K , C F C C N . T U , T W l . T W Z . O O R I N  
I F ( t - T K . L T . O . O )  T H Ë R K = 1  .  0  
] F ( C F C C N . L T . 0 . 0 ) C P \ A R = 1 . 0  
I F ( C E N £ . L T . 0 . 0 J D V A P = 1 . 0  
I F ( V I S C . L T . C . O ) C V I £ C = 1 . 0  
I F C C V I S C . G T  . 0 .  . O R . T H E R K . G T . 0 . ) P R P = 1 .  
I F ( C P V A R . G T . O .  . O R . D V A R . G T . 0 .  ) P R P = 1  .  
I F ( F C G N . N E . 0 . ) P K P - 1 .  
H T K = A B £ ( H T K )  
C P C C N - A B S ( C F C D N )  
H T K = H T K / 3 6 0 0 . 0  
e o l  C C N T I N L E  
I F ( I S T E P . G T  . 0 ) G C  T C  2 6  
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U U t = 0 . £ * ( U 3 ( K - 2 » + U c ( K - 3 ) )  
0 D D  =  0 . 5 « < D 3 ( K - 2 ) + C ; ( K - 3 )  )  
Y Y Y = Y ( K - 2 ) + Y < K - 3 J  
I F ( J C I . G T . 2 ) G 0  T C  Ç 5 4 4  
W t o t i  =  (  1  . - U U U * 0 D D / ( L 2 (  J O E L I  )  * D 3 (  J D E L I  )  )  )  * Y Y V * D Y B ( K - 2 )  
V V V = ( 1 . - L 0 U / U 3 ( J O E L I ) ) + D D O * U U U * Y V Y * D Y 8 ( K - 2 )  / ( D 3 ( J D E L I ) * U 3 ( J D E L I ) )  
G C  T C  £ 5 5 5  
E E 4 4  W V » W  =  ( 1  . - C O U « D O O / (  L 3 (  J D E L I  -  I )  * D 3 (  J D E L  I - l  )  )  ) * Y Y Y * D Y E ( K - 2  )  
V V V - { 1  . - U U L / U 3 ( J D E L I - l ) ) * 0 0 D * Y Y Y * U U U * D Y B ( K - 2 ) / ( D 3 ( J D E L I - l ) •  
S U 3 ( J D E L I - l ) }  
£ 5 5 5  C C N T I N L E  
S C I  1  =  S C I  1  +  t o U W  
S T I 1  =  S I I 1  +  V \ ( V  
D I S P T I - S Q R T ( S 0 I 1 + R 1 * * 2 ) - R l  
T h E T I = S a R T ( S T I l + K 1 4 * 2 ) - R l  
H H I = D I S P T I/THEII 
R E T I =  C 0 * U C L N V * U 3 ( J D E L I ) * T h E T I • X C O N V / V O  
D I S F T I = 2 . * D I S P T I / ( F 2 - R 1 )  
T H E T I  =  2 . * T H E T  I / { R 2 - R U  
I F ( X T R 1 . L T . O . . A N C . % T R 2 . L T . O . ) G O  T O  3 4 5 2  
I F ( X T R l . G T . O . . A N D  . X T R 2 . G T . 0 . ) G O  T O  4 5 4 0  
C A L L  T F  A N  S I ( R E X . R E T  I , R E T O . X D 1 S T t O X D I  S T )  
! F ( X T R l . E Q . O . . A N D . X T R 2 . E a . O . ) G O  T O  4 6 4 1  
4 5 4 0  I F ( X T R E l . L T . O . . O R . X T R E 2 . L T . 0  « ) C A L L  T R A N S 2 ( R E X , R E T  I t R E T 0 . X D I S T ,  
$ O X C i £ I  )  
4 6 4 0  I F ( L C R T . G T . O . J C A L L  V I S C 2  
4 6 4  1  C O N T I N U E  
1 5 1 5  C C N T I N L E  
R V  =  1  .  
C  C A L C U L A T  I C N  C F  V ( J )  
C A L L  R 4 0 V E L  
7 5 2  C C N T I N L E  
I F (  I C Q c N T . E C . N S M l  ) C U  T O  7 6  
D C  8 0  J = l . N  
U 1 ( J ) = L 2 ( J >  
I F ( C V A P . L T . O . ) G C  T C  8 0  
D 1 < J ) = C 2 ( J )  
0 2 ( J ) = C J ( J )  
8 C  U 2 ( J ) = L 3 ( J i  
7 6  C C N T I N L E  
X P L L S - > D H / R E D  
X P F L U S - X P L L S / P R  
I F ( I S T E P . L T . O ) G C  T C  8 1  
I F ( I C C L N T . E G . I S T A T  ) G 0  T O  8 4  
G C  T C  J O O O  
8 1  I F ( I F R I N T j e 7 1 , 6 7 3 . ( 7 5  
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t 7 1  JF(XCh.GE.CLT(P3))GO TO 83 
G C  T C  3 0 0 0  
8 7 3  I F ( X P U U S . G E . C U T ( P S ) ) G C  T O  8 3  
G C  T C  3 0 0 0  
1  F ( X F P L U S . G E . O L r ( F £ ) ) o C  T O  8 3  
G C  T C  3 0 0 0  
8 3  P S - P S + 1  
G C  T C  ( O  
8 4  I S T A T = I S T A T + I S T E P  
8 6  J O - 1  
W F I T E t e , 1 5  1  )  
1 5 1  F C P ^ A T  ( y  *  ' I *  * * * * * * ' * * * * * * * * * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
3:^ 4 4, *4 ********************************** **************** 
S*444*4**** • ) 
W F I T E ( € .  D T I T L E  
W F I T E ( € . 1 5 2 }  
1 5  2  F  C f ^ M A T C * * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  * * * * * * * * * *  
S *  * * * * 4 ,  * 4 ,  * * * * * * * * * 4 * * * * * * * * * * * * * * 4 *  * * * * * * * * * * * * * * * * * * * * * * * *  * * * * * * 4 *  
S****** 4*•,//j 
J 4 5  1  I  F ( X T R l . L T . 0 .  .  A N D . > T R 2 . L T . 0 . ) G 0  T O  £ 5 4 5  
3 4 5 2  C C M J N C E  
D C  6 5  J = 1 . N  
8 5  P C U T ( J  ) = l j 3 (  J ) * t C C N V  
O C E L X F = X C C N  V X - D E L X F  
O P D P G P - P C C h V * P O R C F  
O D F D X = - P C C N \ ( * D E L P P / O D e L X F  
O D E L P F = D E L P F * P C C N V  
P P L L S = G C C N * C P D P O P / ( D O * U O * U O )  
S M = O . C  
5  U  1  =  0  .  0  
D C  7 C 4  J = 1 , N M 2  t  2  
W F 2  =  C Y T (  J t l  ) / D Y F ( J  +  l  ) * ( D V T ( J 4 - l ) / 3 . 0 - D Y B ( J  +  l J / 2 . 0 )  
W F 1 = D Y T ( J + 1 ) * * 2 . 0 / ( 2 . 0 * D Y S ( J + 1 ) ) - W f 2 * 0 Y T ( J + 1 ) / O Y B ( J + 1 )  
W F 0 = D Y T ( J + 1 ) - W F l - H F 2  
SL*1 = D:(J)*Y( J) 
S U N 2 - D 3 ( J f 1 ) * Y ( J + 1 )  
S t / k ' 3 = D 3 <  J + 2  ) * Y ( J  +  2 )  
S U M l 1 = E U N 1 * U 3 ( J i  
S U M 2 2 = £ U M 2 * U 3 ( J  +  1  )  
S U M 3 3 = £ U M 3 * I j 3  (  J  +  2 )  
S C 1 = S U l + W F 0 * 5 U M l * k F l * S L M 2 + W F 2 * S U M 3  
7 0 4  S K 1  =  S M l + k F O * S U M l 1 • H F 1  * S U M 2 2  + W F 2 » S U M 3 3  
X M A S X = 2 . 0 « P I » 5 M 1 t X W C L N V  
U  M E  A I V =  S M  1  /  £  C I  *  L C C  N  
F A V  =  - G C C  N * C F * O D P D X / ( 2 . 0 « D M E A N * U M E A N * U N E A N )  
F R E U P = K E C * F A V  
F 2 = 2 . 0 * u C C N * T A L 2 / ( C M E A N * U M E A N * * 2 . 0 )  
F  1 = 2 . 0 • G C C N  * T A U l / ( C M E A N * U M E A N * * 2 . 0 )  
F T C T A L = 2 . 0 * G C G N * ( T A U l * R l / R 2 + T A U 2 ) / ( ( 1 . 0 + R l / R 2 j * D M E A N * U M E A N * * 2 . 0 )  
I F ( J C X . L T . O  J G O  T O  1 0 3 0  
W R I T E ( 6 , 9 3 ) I C C U N T , C X D I S T . X P L U S . X P P L L S . P P L U S  
9 0  F C R M A T ( 4 X , • I C O U N T = • , I 4 » 5 X . « X D I S T = «  , G 1 2 . 5 . 5 X , • X P L U S  =  « , G 1 2 . 5 . 5 X r  •  X P P  
$ L U £ = ' , C 1 2 . 5 . 5 X . * F P L 1 j S = ' . G 1 2 . 5 )  
W R 1 T H ( 6 , 9 1 i O O E L X F , C D P D X . O P D R O P . C O E L P P . X O H  
9 1  F C B M A T ( / / . 5 X . " O E L X F = «  . G 1 2 . 4 . S X . • D P / D X = • . G  1 2 . 4  t 5 X , • P C - P X = • . G 1 2 . 4 .  5 X  
•  f  • D E L F F = • i G 1 2 . 4 . E X  , • X / D H = •  , G 1 2 . 4 )  
O E L T  I = X C C N V * D E L T A I  
D E L T C = > C C N V * D E L T f l C  
W R I T E ( C , 1 6 £ ) U M E A N . J D E H , J O E L O . D E L T I . D E L T O . X M A S X  
1 6 5  F C K f  A T  ( / / . 4 X .  •  C i M E  A N  =  '  .  G  1 2 .  5  .  5 X  .  •  J O E L  I  =  •  •  I  3  .  5 X  .  •  J O E L C - '  , 1 3 ,  S X ,  •  O E L T  
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$ A I - • , G 1 2 . 5 . S X . « D E L I A O  =  *  . G 1 2 . 6 . S X  . •  M A S S X = •  , G 1 2 . 5 )  
l « R I T E ( t . l 6 7 ) F r j E 0 F  . F A V . T A U 2 . T A U 1  . F I C T A L . F 1 . F 2  
1 6  7  F O R M A T  ( / / . 4 X . • F A P P * R E O  =  «  . G 1 2 . 5 , 5 X . " F A V = *  , G 1 2 . 5 . S X . • T A U 2 = * . G 1 2 . 5 . 5 X  
$ . « T A U l  =  » . G 1 2 . 5 . b X , • F T C T A L = • . G 1 2 . 5 . 5 X . / / . 5 X , * K I  =  ' , G 1 2 . 5 . S X . » F 2  =  ' . G 1  
3 2 . 5 )  
IF(LORT. G T.O.ANC.FCV. L T.O.)WHITE(6.5001)DISPTI.THETÎ.HHl.01SPTO. 
SThETC .FHC 
5  3 0 1  F O R M A T ( / / . 5 X . • D E L » ! = • . G 1 2 . 4 . 5 X . ' T H E T A I = ' , G 1 2 . 4 . 5 X . ' H I = ' . G 1 2 . 4 . 5 X . "  
$ D E L * C = • . G i 2 . 4 . E X . • T H E T A O = *  , G 1 2 . 4 . / / . 5 X . *  H C = " . G 1 2 . 4 )  
I F ( L C R T . G T . O ) W P I T E ( 6 . 6 2 6 ) U S T 1 . U S T 2 . R E X . R E T C . R E T I  
6  2 6  F C B M A T { / / . 5 X , ' t S T l - ' . G 1 2 . 4 . 5 X , • U S T 2  =  * . G 1 2 . 4 , 5 X . • R E X  =  •  . G 1 2 . 4 . 5 X .  
$ •  R E T F C  =  '  , G 1  3 . 5  . 5 X .  " R E T H - "  . G 1 3 . 5 )  
l » R r  T E (  e .  5 ) H  1  . H 2 . H 3  . H 4  . H 5 . H 6 . H 7 , H 8 . H S . H 1 0  
W R I T E ( 6 . 5 ) T 4 1 P . T A 2 F  
* P I T E ( ( , l E l j  
W R I T E ( 6 , 9 5 )  
95 FCRWAT(//'****U(J)#**'.//) 
WRITE(f.2)(FOUT<K>.K=1.N» 
IF(RV.LT.O.)GO TO 1030 
DC 9b J = 1,N 
96 PCt T ( J »=\,( J >»UCCNV 
WRlTE(e.S7) 
97 FCPMAT(//.'****V(J)***'.//) 
W R I T E ( e . 2 i ( P 0 U T < K >  i K = l , N »  
1030 XFiHTC .LT.O.)GC TC 961 
IF(JOX .GT.0jWRITE(t.l51) 
PRe=VMEAN*CFMFiAN/ XKMEAN 
TOElTA-TerHIC*XCCNV 
XNL02=FAVEZ*DH/XK*EAN 
S T 2 = H A V E 2 / < D M E A N * C F M E A N * U M E A N )  
X N U D 1 = F A V E M D H / X K N E A N  
5 T 1 = H A V E l / ( O M E A N * C F M E A N * U M E A N )  
I F ( J C X . L I . O . A N D . L O C P G . G r . O ) G O  T O  3 0 0 2  
W R I T E <  e . 6  6 6 ) J T D E L . T O E L T A.PRB.X T M E A N . X N U D 1 . S T l . H A V E l . X N U D 2 . S T  
Î 2.HAVE2 . G C D . Q C V . S C C O . S Q C V  
6 6 6  F C R M A T ( / / . 5 X . " J T 0 E L  =  ' . I 4 . 5 X , «  r D E L T A = ' . G 1 2 . 4 . 5 X , " P R A N D T L  N 0 .  =  " . G 1 2 .  
$ 4 . 5 X ,  • IMEAN-» . G l < i  .  7 . / / . 5 X  .  « N U O  1  =  ' . G 1 2 . 4 . 5 X . '  S T A N T N 1 = »  ,  
$  G 1 2.4 , 5 X , ' F 4 V E 1 = « . G 1 2 . 4 . S X .  •NUD2=» . G 1 2 . 4 . 5 X , «  S T A N T 0 N 2 = » , G 1 2  
S . 4 . 5 X , / / . 5 X , • H A V E c = » , G 1 2 . 4 , 5 X . • Q C D = « . G 1 2 . 4 . 5 X . ' Q C V = ' , G 1 2 . 4 . S X ,  
$ ' S C C C = » . G 1 2 . 4 . 5 X , " S Q C V - ' , G 1 2 . 4 )  
R E D W = D W E A N * U M E A N * C F / V M E A N  
W R 1 T E (e,S 4 6 ) D M E A N . C P M E A N .XKMEAN.VMEA N . R E DK 
9 4  6  F C P M A T ( / / , 3 X . • D M E A N = • . G 1 2.4 , 5 X , ' C P M E A N = ' . G 1 4 . 7 . 5 X . • K M E A N = ' . G 1 2 . 4 . 5  
SX.*VMEAK=*.G12.4,5>.*HcDM='.G12.4) 
W R I T E ! é . 5 > h A V E I F , h A V E 2 P . T 3 P L 1 . T 3 P L 2  
I F t F C C N . E O . O . ) G O  T C  8 9 0  
I  F { C O R  I N ) 8 0 2 2 , 6 0 2  3 . 8  0 2 1  
e 0 2 1  C Q C = R A 0 1 * A B S ( T k l ) * D H / < 2 . * ( X K M E A N * ( R A 0 1 + R A D 2 ) i )  
I F ( T t o l . G T . 0 . ) J C C = ( T 3 ( N ) - T 3 ( l ) ) * T C C N V  
G C  T O  £ 3  1 5  
8 0  2  2  3 C C = R A C 2 * A 8 S ( T W 2 ) * C H / ( 2 . * ( X K M E A N * ( R A D 1 + R A 0 2 ) ) )  
I  F ( T H 2 . G I . 0 . J Q G Q  =  < 1 3 ( i ) - T 3 ( N ) ) » T C O N V  
G C  T C  £ 3 1 5  
8 0 2 3  Q G a = ( R A D l * A a S (TWl ) 4 R A D 2 * A B S ( T * 2 ) ) * D H / ( 2 . * ( X K M E A N * ( R A D 1 * R A D 2 ) ) )  
8 3 1  £  G R = C G a * B E T A * G C C N * ( C H / 2 . ) * * 3 * ( D N E A N / V M E A N ) * * 2  
W R I T E ( € . e 3 i e ) G R  
8 3 1 6  F C P M A T ( S X . ' G R  N 0 . = * . G 1 2 . 4 )  
8 9 0  W R I T E * e . 1 5 1 )  
D O  e e c  j = 1 . N  
660 PCl.T( J )=T3t J) »TCtS\ 
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U R I T E ( é . e ô l >  
8 6 1  F C K M A T  ( / / , •  • * » » T  (  J  ) » • « • • , / / )  
W H  I  T E C  <  .  2  )  <  P b U  T  < K  )  , K =  1  ,  N »  
I  F  ( P R P  a .  T . O  . ) G C  T C  6 6 5  
I  F  (  C P V / I R  . L T  . 0 .  0  ) G C  T O  9 5 2  
D C  < ; 5 0  J = 1 , N  
9 5 0  P Q L T C J  ) = C C J  ) » C P C C N V  
W R I T E < e . 9 5 1 )  
9 5 1  F C R M A T ( / / , ' * * * * C F ( J ) * * * ' . / / j  
W R 1 T E ( 6 , 2 ) ( F 0 U T ( K ) . K = 1 . N )  
9 5 2  C C M I N L E  
I F ( C V A K . L T . O . O ) G C  T C  9 5 5  
D C  9 5 3  J - 1 , N  
9 5 3  P C L T C J ) - D 3 ( J ) * C C C N V  
W R I T E C e , 9 5 4 )  
9 5 4  F C R M A T  C / / , '  • • • • f î H C  C J I * * » '  , / / )  
W R I T E C É . 2 ) ( P O U t ( K )  , K - 1 , N )  
9 5 5  C C N T I N L E  
I F ( T H E R K . L T . 0 . 0 ) G C  T O  9 6 1  
O C  9 5 5  J = 1 » N  
9 5 9  P C L T C J ) = E K ( J )  
W R I T E  c e . 9 6 0 )  
9 6 0  F C F M A T ( / / . • » • * * K C J » • » * • . / / »  
W R I T E C < t 2 ) t P O U T ( K )  , K  =  1  , N )  
9 6 1  I F C J D X . L T . O  . A N O . L O C P G . G T . O ) G 0  T O  3 0 0 2  
h C 5  C O N T I N U E  
I F C C V I S C . L T . O . O . A N C . L C R T . L T . O . O ) G O  T O  9 6 6  
D O  9 6 4  J = 1 . N  
9 6 4  P C U T C J ) = e v < J )  
W R I T E C  e . 9 é 5  )  
9 6 5  F C P M A T ( / / , ' * * * * M U ( J ) * * * " . / / )  
W R I  T E C  t .  2 )  ( P O U T ( K )  , K = 1  , N )  
I F ( L C R T . L T . O ) G C  T C  9 6 6  
I F C X T R  l . E Q . O .  .  A N C .  X T R < ; . E Q . O .  ) G U  T U  9 6 6  
D C  € 7 5  J = J C E L I . N  
6 7 5  P 0 L T ( J ) = ( Y ( J ) - K 1 ) * C 0 1  
D C  e 7 t  J = 1 . J D E L 0  
£ 7 6  P C L T ( J ) = ( R 2 - Y ( J » ) » C D 2  
W R I T E < 6 , 6 7 6  )  
6 7 6  F C R M A T C / / , ' * * * * Y + ( J ) * * * ' , / / j  
W R I T E C  e . 2 J ( F O U T ( K )  , K = I , N )  
O C  6 5 1  J = J O E L I t N  
6 5 1  P C L T C J ) = U 3 ( J ) * L C C \ \ / U S T 1  
O C  € 5 2  J = 1 . J D E L C  
€ 5 2  P C U T C J  )  =  L 3 (  J ) * L C C N \ , / J 3 T 2  
W F I T E C  € . 6 5 4  )  
€ 5 4  F C R M A T ( / / . ' * * * * L + ( J ) * * * ' . / / )  
W K I  T F C e .  2 )  (  F O U K K  )  , K = l  , N i  
D C  6 6 1  J  =  1 . N  
6 6 1  P C O T  C  J  ) = X L (  J )  
WRITEC 6.€62 ) 
bt2 FCRMATC//.'«•••XL(-)•••'.//) 
WRITECe.2)«P0UT(K).K=l,M 
WRÎTEC6,€fc5 ) 
€ €  5  F C R M A T  C / / .  •  • • •  • T  A l ^  C  J )  • * • •  , / / )  
W R I T E ( e , 2 ) ( T A C K ) , t <  =  l , N )  
I F ( H 7 . L T . 0 . ) G 0  T C  « 6 6  
W R I T E C e . 4 0 9 S )  
4 0 9  5  F C R M A T C / / , ' • * • • K E ^ C J ) • * • ^ , / / )  
W R I T E C É . 2 ) C  X K N 3 ( K  )  . K = l  , N )  
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9 6 6  C C M I N t E  
3 0 0 0  I F t L C C F G . L I . 0 ) G C  1 C  l O O l  
X O I S K - = > C H  
I F ( L C F T . L T . O . ) X C I S K = X P P L U S  
I F ( X C I S K . G E . X D S ( I  C P A P H )  ) G O  T O  3 0 0 1  
G C  T C  1 0 0 1  
3 0 0 1  I G R A P H = I G R A P H + l  
I F ( J D X . L T . O . ) G C  T C  3 4 5 1  
3 0 0 2  I F ( H T C . L T . O . ) W R I T E ( 1 2 » X 0 I S K , F A V . F T O T A L . U 3 ( J D E L  I ) . F 1 , F 2 ,  
S D I S P T I  . D I S P T O . T h E T I . T f - E T O  
I F ( H T C . G T . O . . A N O . F C V . L T . O . ) W R l T E ( 1 2 ) X D I 5 K , F A V , F T O T A L , F l , F 2 t  
$ U 3 ( J D E L I ) . S T 1 . S T 2 . X N U D 1 . X N U D 2 . T 3 ( 1 ) . T 3 ( N )  . D I S P T I , D I S P T C . T H E T I .  
S T I - E T C  
I F ( H T C . G T . O . . A N D . F C V . G T . 0 .  ) W R I T E ( 1 2 )  X O I S K  ,  S T  1 , 5 T 2 . X N U D l  , X N U D 2 .  
l T 3 ( l ) , 1 3 < h )  
1 0 0 1  J D X = - 1  
I F (  1 S T E P > 1 0 0 2 .  1 0 0 2 . 1 0 0 3  
1 0 0 2  I F ( I C C L N T - N S T ) 2 2 2 2 . 1 0 0 . 1 0 0  
2 2 2 2  I F  ( F S - ^ T J 1 0 1 . 1 0 1 . 1 0 0  
l O O J  I F  (  I C C t - N T - N S T )  1 0 1  .  1 0 0 . 1  0 0  
1 0 0  I F  ( F W P I T E . L T . O . ) G C  T O  1 0 0  5  
C  S T A F T  W P I T I N G  D A T A  C N  T ^ E  D I S K  
W B I T E ( l l > Y . H . l i 3 . V . E V , E K . U S T l . U S T 2 . f i E D . N , J C E L i . T A . U 2 . D l . D 2 . 0 3 . C .  
$ Y F . Y B . C Y F . C Y B . O Y T . F S A . P S B , P S C . P S D . P T  A . P T e . P T C . P T D . P D R O P . Ù E L T A I .  
S D E L T A O . D E L X F . X D I S T . U P C l  , U P C 2 . U P C 3 . X C l . X C 2 . D E L  1 . D E L 2 , U E . X M A S S .  
S J D E L C . I C C U h T . J O I . I C R A P H . U l  . X T R 1 . X T f i 2 , X T R E  1 . X T R E 2 . X L M D A I , X L M D A 2 ,  
S R E X T K l  , f t E X T R 2 .  X K M  .  X K N 2  . X K  N 3  .  P K  . T V  . X L .  K O I  , I M J 1  .  N  J  2  .  P R  .  X  D H  .  D P D  
W R I T E ( 6 . 5 ) C X D I S T . X C H  
W f i  I T E C e . 7 ) 1  G R A P H  
1 F < H T C  J - T . 0 . ) G C  T C  1 0 0 4  
W R I T E C  1 1  ) T 2  . X M . X K , T 1 . T 3 ( l )  , T 3 ( N ) . T M E A N l . H A V E l 1 . H A V E 2 2 . Q I . S U C V .  
S S C C C  . T E T h I C  
1 0 0 4  C C h T I h L E  
1 0 0 5  C C h T I N L E  
I F I L C A Î c . G T . O . ) G a  T O  2 0 0 2  
S T C P  
E N C  
S U B P Û t T I N E  C E L X  
* * * * * * * *  * * * * * * * * * * * * * * * D E L X * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * :  
D I W E N S  I C N  S K C a ( 1 0 1 ) . S K C F ( 1 0 1 ) . S F M A X ( 1 0 1 ) . S B M A X ( 1 0 1 ) . C O E F F ( 1 0 1 ) . C O E  
* F E < 1 0 1 )  
C O M M C N / X K E N / X K M  (  1  C  1  )  ,  X  K N 2  (  1  0  1  )  .  X K  N 3  (  1  0 1  )  .  P K  ( 1  0 1  )  .  K O  I  . N J 1 , N J 2 . X 0 H  
C G W M C N / X 8 I R T H / P R E A C , P W R I T E . S T L F . X C l . X C 2 . D E L  1 , D E L 2 . U E . C H E C K . R E D  
C O M M C N / X P R / P R  
C O M M C N / T U R B / X L ( 1 0 1 ) . T A < 1 0 1 ) , T V ( 1 0 1 ) . P O U T ( 1 0 1 ) . U S T 1 . U S T 2 , G C C N . D D I .  
$ 0 0  2 . A P . V C K C . X D I S T . C t O Y O . O U D Y I . T A U l  . T A 0 2  
C C M M C N / M P V X / U l ( 1 0 1 ) » U 2 ( 1 0 1 ) . U 3 ( 1 0 1 ) . V ( 1 0 1 > . E V ( 1 0 1 ) . E K ( 1 0 1 ) , E V F ( 1 0 1  
•  )  . E V E ( l O l )  . E K F d O l  ) . E K E ( l 01 ) , 0 1 ( 1 0 n . D 2 ( 101 ) , D 3 ( 101 )  . C d O D . N S .  
I I C O U N T . D E L X F . O c L X a . O E L X T . J E L P P . P O R C P . P O . P P  
C C M M C N / D E L / J D = L , J C E L  I  .  J O E L O . D E L M I N . D E L T A  I  . D E L I  A O , M N . D X F . V J S . V J F .  
Î D X F f . C C C  
C C I P M G N / L A T E / M . * N . N  . h M l . N M 2 . N Y . R l  , R 2 ,  O Y B (  1 0 1  )  , D Y F (  1 0 1  )  .  D  Y T  {  1 0  i  )  .  
$ V ( 1 0 1 ) . Y F ( l C l ) , Y £ ( 1 0 1 ) . R ( i a i )  
C O M M C K / S T U P  I D / L O R T  . N S N l . P S A , P S B . P S C . P S D . X C G N V . S  1 . S 2  
C C M N L N / M T F / X M ( 1 0 1 )  . X K ( 1 0 1 )  . H T C  
C C M M C N / A H M A C I / 7 1 ( 1 C 1 ) . T 2 ( 1 0 1 ) . T 3 ( 1 0 1 ) , T M 2 . T W 1 . J T D E L . T 8 T H I C . O O R I N .  
$ t > T D Y O ,  C T C Y l  . T C t N V  .  X K C  C N  V ,  T  M E  A N  .  X T M E  A N .  G C  V  .  C C D  .  H  A  V E S  »  H A  V £  1  
C C f M C N / U M M / F C C N , G C  . B E T A . U G F , F D V  
I  F (  I C C l . N T - N S ) 3  1 0  . £ 1 0 . 4 1 0  
3 1 0  I F { H T C . L T . O . ) G C  T C  2 0 7  
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I  F ( C C F I N . L E . 0 .  ) G 0  T C  2 0 0  
I  F  (  I C C L N T . E Q . 1  ) j T C E L = N y 2  
L I = M A X C ( J T D E L , J D E L I )  
LC=hMl 
G C  T O  S 0 5  
2 0 0  I F (  I C C L N T . E C . l  J J I C E L - - = 3  
L I  =  2  
L C = M I N O ( J T C E L , J D E L C )  
G C  T C  2 0 5  
2 0 7  L I = J D E L I  
L C = h M l  
2 0 5  D X : -  =  0 . 0  
O C  2 0 f c  J = L 1  , L 0  
S K C e ( J )  =  E K E ( J )  / C  <  J )  
5 K C F { J  ) - E K F ( J ) / C (  J )  
S F M A X ( J ) = A N A X l ( E V F ( J ) , S K C F ( J ) )  
S E » ' A X ( J J = A M A X 1 ( E V E ( J ) . S K C B ( J ) )  
0 X 1 = 2 . 0 * 0 1 ( J ) * U 1 ( J ) * V ( J ) * D Y T ( J )  
C O E f F ( J ) = Y F ( J ) / ( C X 1 * D Y F < J ) )  
C C E F B  t  J )  = Y E ( J )  / ( C X 1 » D Y F ( J - 1 )  )  
V V P P  =  V  ( J  )  
0 X 2 =  (  A E S  ( W P P )  ) /  i n  (  J  )  * D Y F  (  J - 1  )  ) + C C 2 F F ( J )  * S F M A X ( J )  + C O E F U ( J  J * S B M A X (  
* J )  
0 X 2 = A M 4 X 1 ( C X 2 . D X 3 )  
2 0 6  C C N T I N L E  
D E L X F =  . 5 / 0 X 3  
G C  T O  < 1  
210 WKITE(«.35) ICOLM 
3 5  F E R M A T ( / / / . ' 0 * * * [ - F  E Q N S  A T  I C C U N T = ' . I 3 )  
4 1 0  I F ( I C O L N T . L T . M N I G C  T O  4 1  
I F i L C P l . G T . O ) G C  T C  4 2  
0 P R = 2 . • ( R 2 - « l ) * P R * A E D  
C X F - O E L X F / C F P  
I F ( C X P  . G T . D X F M ) G Q  T O  4  1  
O X F = O X F * C C C  
D E L  % F = [ X F * C F K  
G C  T C  4 1  
4 2  C C N T I N L c  
I  F ( F D V  . G T .C . . A N D . F T C . G T.O. )GC T O  5b 
OELXF=CCC*CcLXe 
I  F ( D E L  X F / O E L T A C . G T . O X F M ) O E L X F  =  O X F M * D E L T A O  
G C  T C  4 1  
5 6  O E L X F = C C C + D E L X B  
C  f / A Y  N E E D  T O  C H A N G E  F C F  B C T H  W A L L S  H E A T E D  
1 F ( X C H . G T . 2 . ) G C  T C  5 0  
D D X Y = 0 . 5 # C X F M  
! F ( D E L X F / T B T H I C . G T . D O X Y ) D E L X F = D O X Y * T B T H I C  
G C  T C  4 1  
5  0  I F ( C E L X F / T E T H I C . G T . D X F M » D E L X F = D X F M * T B T H I  C  
4 1  D E L X T = C E L X F + D E L X e  
R E T U R N  
E N D  
S L B R C L I I N E  C E L Y P  
* * * * * * * * * * * * * * * * * * * * * *  D E L Y  R *  * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C * *  N Y / 2  G R I C S  C N  E A C H  S I D E  O F  T H E  C E N T E R  O F  T H E  G A P  F D R  L A M I N A R  F L O W S  A N O  F O R  
C  T U R B U L E N T  F L O W S  d I T H  F * > 0 . 8  * * * * * * F O R  S M A L L E R  R A D I U S  R A T I C S ( F O R  T U R B  F L O W S )  
C  N Y / 2  G R I C S  O N  E A C H  S I D E  O F  T H E  R A D I U S  C F  M A X  V E L  D F T F R M I N E D  B Y  K A Y S - L E U N G *  
C C M U C N / P P O B E / P T A . F  T E . P T C . P T D  
C C M M C N / M Y / R T . H S . O E L Y  
C C M M C N / L A T E / M , M M . N . N M 1 , N M 2 . N Y , R 1 , R 2 . D Y B ( 1 0 1 ) , D Y F ( 1 0 1 ) . D Y T C 1 0 1 ) ,  
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î y ( i o i J . v f ( I C I ) , y E < i o i ) . R ( l o i »  
C O M M C N / S T U P I D / L G R T  . N S M l  . P  S  A ,  P S f J  .  P 5 C  .  P S D  .  X  C C N  V  .  S 1  , 5 2  
A E L = I A E S ( L C P T )  
I  F C L C f i T .  G T  .  O . O . G R  .  o a L  . E Q .  4  » G G  T U  3 0 0  
R S  =  1  .  
D E L V = <  K 2 - R I  ) / N V  
D O  e  J = 1 , N  
D Y E C J ) = D E L Y  
D Y F ( J ) = O E L V  
8  Y ( J ) - H 2 - ( J - 1 ) # D Y f ( J )  
G C  T C  3 0 1  
2 0 0  D Y F C 1 J - O E L Y / X C C N V  
I  = 0  
I  1 = 0  
O Y E (  1 ) = O E L V / X C C N V  
Y (  I J ^ P Z  
Y ( N > = f i l  
N C - N Y /  1 0  
N Y 2 = N Y / a + l  
NNV=NY£-rD 
N N Y 1 = N N Y + 1  
R R K = f i l / R 2  
I F < R R R . G T . 0 . 8 . C K . L C H T . L T . 0  ) G C  T O  5 5 0 0  
R W = R R R * * 0 . 3 4 3  
P M K = ( P I + R 2 * R M ; / ( ! . + R M )  
Y f i 1 = P N M - R 1  
Y f i 2 = R £ - R M M  
C  Y E ( h )  =  D Y F ( l  ) * Y R 1 / Y R 2  
D V F ( N ) = O Y E ( N J  
D R - Y R 2  
E C G R = - 1 .  
G O  T C  4 0  4  
3 5 0 0  N Y £ 1 = N Y 2 - 1  
0 R = ( R 2 - R 1 ) / 2 .  
E C G f i = l .  
4 0 4  D C  4 0 6  J = 2 t N N Y  
D Y F < J ) = R T » C Y F ( J - 1 )  
O Y B C  J J = O V F ( J - 1  )  
4 0 6  Y ( J ) = Y t J - 1 ) - D Y F ( J - 1 )  
D C  4 0 e  J = ^ ^ Y 1 , ^ Y ^  
D Y F ( J ) = D Y F ( N N Y )  
D Y E ( J ) = O Y F ( J - 1 )  
4 0 8  Y ( J J  =  Y ( J - 1 ) - D Y F ( J - 1 )  
1 = 1  +  1  
O Y = Y ( 1 ) - Y ( N Y 2 )  
I F ( C Y . G E . C R > G 0  T C  4 6 1  
R T = R T + C . C 0 £  
G C  T C  4 0 4  
4 6 1  Y f i C = C R / D Y  
D C  4 7  1  J = 2 , N Y 2  
4 7 1  Y ( J ) = R 2 - ( P 2 - Y ( J ) ) * Y R C  
D C  4 7 2  J = 2 t N Y 2  
D Y F ( J - 1 ) = Y ( J - 1 ) - V ( J )  
4 7 2  O Y E ( J ) = O Y F ( J - 1 )  
D Y e { 1 ) = D Y F  l  1  >  
W R I T E ( ( . E ) G T . I  
5  F C R K A T i S X , G 1 2 . 4 , I  1 0 )  
R S = R T  
I F C E C G f i . E C . 1 . ) G C  1 C  3 6 0 0  
D R  =  Y R  I  
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4 7 5  C C  4 8 0  J = 2 . N N V  
K = N - J  t l  
n v F  ( K )  = R < . * C y F  ( K +  1  J  
U Y E ( K + 1 ) = C V F < K J  
4 8 0  Y ( K  )  =  Y < K + 1 )  1 D Y F ( K  )  
I I - 1 1 4 1  
L/ C  4 6  1  J - N N Y l  . N Y , ?  
K  = N - J  «  1  
O Y F  ( K  )  =  D Y F  I K f  n  
D  Y B  t  K  + 1  )  = C  Y h  <  K  )  
4 8 1  Y C K ) = Y ( K + 1 ) + D Y F ( K )  
L ) Y = Y (  h Y 2 l - Y ( N )  
I F ( C Y  . G e . D P ) G C  1 C  4 9 0  
K S = A S + . 0 C 5  
G C  T C  4 7 5  
4 9 0  Y F C = Û F / C Y  
C C  4 9 2  J = 2 . N Y 2  
K  =  N - J  + 1  
4 9 2  Y ( K  > - f i l  + (  Y  ( K ) - R l  M Y R C  
D C  4 9 £  J = 2 , N Y 2  
K = N-J + 1 
D Y F ( K  )  =  Y ( K  ) - Y  ( K +  1  )  
4 9 5  U Y B  <  K  + 1  )  =  C Y F  t  K )  
D Y F ( N ) = C Y e ( N )  
L V V 2 - N D - 3  
LY2=Ny2+NC-l 
D D D Y = ( Y ( L Y 1 ) - Y ( L Y 2 ) ) / ( L Y 2 - L Y 1 )  
L Y V 2 =  L Y 2 - 1  
O C  2 2 1  J = L Y 1 . L Y Y 2  
C Y F  (  J  )  =  C C D Y  
C Y E  <  J  )  =  D Y F ( J -  1  »  
2 2  1  Y (  J  +  1  ) =  Y ( J  J - D C C Y  
C V B ( L Y 2 ) = O Y F ( L Y Y 2  )  
W f i l T E ( e .  5  I P S , I  I  
G C  T C  3 0 1  
3 6 0 0  0 Y F ( h Y 2 ) = D Y E ( N Y 2 )  
O Y E ( h j  = D Y F (  1 )  
O Y F ( N ) = D Y E ( N )  
D C  5 0 6  J = 2 . N Y 2 1  
K - N - J + 1  
D Y E  < K ) = D Y F  t  J )  
5 0 5  D Y F ( K ) = O Y B < K - H  )  
D C  5 0 6  J = 2 , N V 2 l  
K —  N  —  J  + 1  
5 0 6  Y ( K ) = Y ( K + 1 ) 4 D Y E ( K + 1 )  
3 0 1  D C  3 C 3  J  =  1  •  N  
D Y T {  J )  = D Y f c l ( J )  +  D Y F  < J )  
3 0 3  « ( J J  =  ( Y (  J ) - Y ( N  )  ) / ( P 2 - R  1 )  
D C  1 3  J - 1 , N  
1 3  Y F J J ) = Y ( J J + X C C N V  
W K I T E ( 6 , 1 5 )  
1  5  F C P M A T  ( •  C  Y  {  J  )  '  )  
l « P I T h ( e . 6 0 ) ( Y F ( K J  , K  =  1 , N )  
W F  I T E ( t .  I  7  >  
1 7  F C  F M / l T  ( •  C f i  (  J )  •  )  
W R I T E ( e . b O J < F < < K ) . t <  =  l . N J  
Y F ( 1  )  =  Y (  1 ) + Y ( 2 )  
Y B ( 1  ) = Y F ( l )  
Y E ( N ) = Y ( N ) + Y ( N - l )  
Y  F  (  N  )  =  Y E  (  N  )  
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D C  g  J = J . N N 1  
Y B <  J )  =  1 F < J - 1 )  
9 YF(J)=Y(J)+Y(J+1) 
WK I T E <  € . e O )  ( D V F ( K )  ,K=1 ,N> 
WRITE(e.60)<DYE(K),K=l,N» 
WRI7E<e,eOJ (DYT(K ) .K=l ,N) 
to FCFM/iT (IX 1 lOGl 3.5 ) 
P S E  =  < 1  .  + A T  +  F T * * 2 ) / ( C Y F ( 1 ) « R T • • 2 )  
P S C = - (  1 . + R T + R T * * 2 ) / ( D Y F ( ! ) * (  l . + R T ) * R T * * j )  
PSD= 1 . / C  D Y F  < 1  » • ( l . * R T  +  R T * * 2 ) * R T * * 3 )  
F S 4 = - P < E - P S C - P E 0  
W K I T H <  e , 6 0 ) P S A  p P S E  . P S C . P S O  
P T 8 = ( 1 . + R 5 + R S * * 2 ) / ( C Y E ( N ) * R S * * 2 »  
P T C = - (  1 . + R S + R 5 * * 2 ) / ( D Y B ( N ) * ( 1 . + R S ) * R S * * 3 )  
P T D = 1 . / ( 0 Y E ( N ) * ( I , * R S + R S * * 2 ) * R S * * 3 }  
P T / i = - P T E - P T C - P T C  
W R I T E ( 6 . 6 0 J P T A . P I E  . P T C , P T D  
R E T U R N  
E N C  
S U e P C C I I  N E  F D V F  
( * * * C A L C U L A T E S  F U L L Y  D E V E L O P E D  V E L O C I T Y  P R O F I L E  F C H  L A M I N A R  O R  T U R B U L E N T  F L O W * * *  
C C W W C N / V M P / F l , X M A £ £ . D E L P T  
C O M M C N / T U R f l / X L ( l O l ) t T A ( l O l J f l V ( l O l ) . P O U T ( 1 0 1 ) , U S T 1 i U S T 2 . G C O N » O D 1 f  
Ï D D 2 . A P  , V D K C . X D I S T , D U D Y 0 . O U D Y I . T A U l  t  T A U 2  
C O M M C N / L A T E / M »  N N . N . N M l . N M S i N Y . K l . R 2 , C Y B (  1 0 1 I . D Y F (  1 0 1 ) < D Y T (  1 0 1 } .  
£ Y { 1 0 1 ) , V F ( l 0 1 > , V e ( 1 0 n . R ( 1 0 1 )  
C C f  N C N / M P V X / U l  ( 1 0 1 ) . U 2 ( 1 0 1 ) , U 3 ( 1 0 1 ) , V ( 1 0 1 i , E V ( 1 0 n . e K ( l C l ) . ? . V F U 0 1  
* ) , E V E (  J O l J t E K F d O l  ) , E K B < 1 0 1 )  . D l (  1 0 1 ) . D 2 (  l 0 1 ) . D 3 ( l C n , C ( 1 0 n . N S .  
Î I  C O U N T  . D E L X F . O E L X E . O E L X T , 0 E L P P . P D R C P , P G . P P  
C O M M C N / D E L / J O E L . J  D E L  I , J O E L C . D E L M I N , J E L T A I  ,  D E L T A C , M N . O X F , V J S , V J F ,  
Î D X F M . C C C  
C O M M C N / S T U P I D / L O R T  . N S M l  . P 5 A , P 3 B . P S C , P S D .  X C C N V , S 1  .  S 2  
C C M M C N / H H H H / H l . , H 3 , H 4 , H 5 , H 6 , H 7 , H 8 . H y , M 1 0  
COMMCN / N A I L A / T H E F K . C P V A f t . 0 V A R . C V I S C . D M E A N , C P M E A N . V M E A N , X K M E A N #  
S U D . V O . C L . T C . P S I A R T  t H T K . C P C C N  
C C M W C N / M F / D P D  
C Q K M C N / X E I R T H / P R E A C . P W R I T E . S T L F . X C 1 . X C 2 . D E L I , D E L 2 . U E . C H E C K . R E D  
D O U B L E  P R E C I S I O N  >  >  .  X  Y  ,  X U  .  X U  1  .  X F  1  .  X F  .  A 1  .  A  2  ,  A 3  ,  A 4  .  B  1  ,  B 2  ,  £ > 3  .  B 4  .  
S F ( l O l ) .  F C L T ( 1 0 1 ) , T A I . T A 2 t  G . D A B S .  X U 2 . X F 2 . X M . X P M . X N M . A . B . C l  
3 , C 2 , C 3 ^ C 4 . C L O U  
D I M E N S I O N  C X X ( 1 0 1 >  
I F ( L C P T . G T . O . ) G C  T C  1 2 0 2  
C  l  =  R l  
C 2 = R 2  
B = ( ( C I / C 2 j * * 2 - 1 . ) / C L 0 G ( C l / C 2 )  
A = 1 . - B + C 1 * C 1 / ( C 2 * C Z )  
D C  1 2 0 £  J = 2 , N M 1  
C 3 = Y ( J  J  
C 4  =  2 . *  ( l . + B * D L C G ( C 3 / C 2 ) - C j * C 3 / ( C 2 * C 2 J  ) / A  
1 2  0  5  U I  ( J )  =  C 4  
G C  T C  1 2 0 1  
1 2 0 2  C O N T I N U E  
J K  = C  
I  = - l  
XI—0# 
x u = c .  
X L 1 = 0 .  
I  J = 0  
N 4 =  N / 4  
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G F  = A P » ( H 1 / K 2 ; * * H 4  
a e  = v c K  c  
C C  - - A P  
D C  1  0 1  J  = 1  . N  
1 0 1  D X X ( J ) = D V l : ( J )  
^ f C T - 0  . O t  7 /  (  (  N 2 - P 1  )  * R E  . 2 ' j  )  
[ • !  N  (  | .  1  / W  Ï  )  •  •  .  J  A i  
Q M M - ( R l t R  S U R S  ) / ( ! . + R M )  
Z O O  D C  :  0 1  J  =  1 . N  
K =^-J+ 1 
y  Y V  =  R N  N - Y ( K  )  
I F < Y Y V . L T . C . ) G C  T C  2 0 2  
2 0 1  C C N T I N U c  
2 0 2  J D E L I - K  
Y  F  l c : R N y - Y (  K  +  1  )  
Y R £ = Y ( K ) - K M M  
I  F  (  Y R l  . L T  . V K 2  )  J D E L  I = K H  
O E L T A I  =  V ( J C E L I ) - R  1  
C E L T A C = R 2 - Y ( J D E L I )  
J J  J J J  =  J D E L l  
2 0 5  J O E L C = J D E L I  
T A 1  =  - C P D * ( Y ( J J J J J J  4 * 2 - K l * * 2 ) / ( 2 . • R 1 )  
T A Z = - D P D * ( R 2 * * 2 - Y ( j j J J J I * * 2 ) / ( 2 . * R 2 j  
F ( h ) - T A 1  
F (  1  )  =  - 7 A 2  
F C L T t N  ) = 0 .  
< J  Ï  J  -  I  J  +  X  
> X = F ( 1 )  
X Y  =  F  ( N  )  
D C  1 0 2  J J = 1  . N  M  I  
J = h - J J + l  
A l = C X X ( J ) » G ( y ( J ) . F ( J ) .  D l ' l J  ,  X X  , X Y , R 1  , k ? ,  D E L T A !  . O E L T  A C  .  J O E L  t . J , 8 8 .  
t C C . G F )  
a  1  = D X X ( J ) • F ( J )  
B 2 = 0 X X ( J } * ( F ( J ) + A 1 / 2 . J  
A 2 - D X X ( J ) * G ( Y ( J ) * 0 X X ( J ) / 2 . , F ( J ) + A l / 2 . . D P O . X X , X Y , R 1 , R 2 . D E L T A !  . D E L T A  
S O . J D E L l . J . E B . C C . C F J  
8 3 + 
A 1  =  D X X ( J ) * G ( Y ( J ) 4 - C > X ( J ) / 2 . . F ( J ) + A 2 / 2 . . D P D , X X . X Y . R 1  . H 2 . 0 E L T  A !  . O t L T  A  
Î 0 . J D E L  I , J . e e . C C . C F  )  
A 4 = C X X ( J ) » G ( Y ( J ) $ D X X < J ) , F ( J ) + A 3 . D P U , X X , X Y , R l , R 2 . D E L r A ! . D E L T A O , J D E L  
$ I . J . E B , C C , G F )  
! 3  4  =  D  X  X  (  J  )  *  (  F  (  J  )  +  A  : •  )  
F ( c - l ) = r ( J ) + ( A l + 2 . 4 A 2 + 2 . t A 3 + A 4 ) / 6 .  
1 0 : =  F U L T ( J - l ) = P L U T ( J ) 4 < c l + 2 . * K 2 t 2 . * U 3  +  n 4 l / o .  
XL-FCLK 1 ) 
xr%F(h) 
y  c  I  
I  F  (  !  J  .  i \ E  .  I )  G O  T C  < .  C  1  
X  F  3  =  X  f  
X L Z = X L  
< ^ 0  1  C C N T I N L F .  
I  F (  I  J . L E . 2 ) G O  T C  4  4 1  
D C  4 3 Ê  J = N 4 , t N 2  
I F ( X . G E . l . ) G C  T C  4 4 0  
4 3 E CC^TI^UE 
4  4 0  J D E L C - J  
J D E L  !  =  J D E L C  
D E L 7 A C = K 2 - V ( J D E L L )  
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DEL TA J = V < JDEL. I)-N1 
441 CCNTIhUE 
W R I T E ( e . 2 9 ) X U , Y C . X F . D P D . J D E L I  
2 S  F G H P A T ( 5 * . 4 G 1 1 . e . l l O )  
I F ( U A B £ ( X U >  . L T . 1 . D - C »  ) G C  T O  2 5  
I F ( I J . C E . L C R T ) G C  T C  2 5  
I F ( I . G 1 , 0 J G C  T C  7  
I F ( X U ) ; . 2 6  t  4  
3  F ( M  =  1 A 1  * H 3  
F t 1 ) = - 1 A 2 * ( 2 . - H 3 )  
1 = 1  
G C  T C  9  
4 F(M = Tfl*(2 .-H3 ) 
F ( 1  ) = - T A 2 * F 3  
1 = 1 
G C  T C  «  
7  C C M T I N L E  
F ( N ) = X F 2 - X C 2 * ( X F 2 - X F » / ( X U 2 - X U )  
X L  2 = X L  
X F 2 = X F  
G C  T C  9  
2 5  C C  3 0  1  J =  1  . N  
3 0 1  L l < J ) = F C L 7 ( J )  
1 2 0  1  C C h T I N L E  
S M 1 = 0 . 0  
S L 1 = 0 . C  
NN£=N-2 
D C  7 0 4  J = l , h M 2 , 2  
W F 2 = C Y T ( J + 1 ) / 3 Y F < J * l ) » ( 0 Y T ( J + 1 ) / 3 . 0 - D Y B ( J + 1 ) / 2 . 0 )  
W F I = 0 Y  T ( J +  1 ) * * 2 . 0 / ( 2 . 0 * 0 Y 8 ( J  +  1  )  ) - W F 2 * D Y T ( J + 1 ) / D Y B ( J  +  U  
W F C = C Y T ( J + l ) - W F l - k F 2  
S L N  1  =  V  ( J . )  
S U N 2 = Y  f J  +  1 )  
S L f 3 = ' * <  J - Î  2  )  
S U M l  1 = S L M * U U  J  J  
S L M c  Z = 3 U M 2 » U 1 <  J + 1 )  
S L M 3 3 = S L M 3 * U 1 < J + S )  
S L 1 = 5 U 1 + W F 0 * S L N 1 + W F 1 * S U M 2 + W F 2 * S U M 3  
7  0 4  S f  1  =  £ M 1 + W F 0 * S I J M 1  1  +  H F 1  •  S U M 2 2  + W F  2  » S U M 3 5  
U M E A N = £ M 1 / S L 1  
R E C = F ; E C * L M E A N  
X M A S £ = X M A S S * L M E A N  
W R i T E ( C . 3 1 > f i E D . X M A £ £  
WPITE(€,21)tUl(K),K-l.N) 
3 1  F C F M A T ( 5 X . 1 3 G 1 2 . 4 )  
I F < L C R T . L T . 0 . ) R E  T L P N  
W R I T E  ( 6 . 3 1  ) ( F ( K )  , K = 1  I N >  
T A L 1 = D / ! B S ( F < N )  )  
T A U 2 ~ C A B S ( F ( 1 ) )  
W R I T E ( e . 3 0 ; I J , X U . 1 / 1 . T A 2 . U M E A N . X F , D P D , R E D  
O D 1 = D S C H T ( D A B S ( F ( N  )  n  
D D 2  =  D S C R T ( 0 A 8 5 ( F (  1  ) ) )  
L S T 1 = 0 C 1 * U C  
U S T 2 = D C 2 » U C  
J J = J O E L I - l  
C C  9 0  J - =  1  . J J  
F C L T ( J )  - L I ( J ) / C D 2  
9 0  F ( J ) = ( P 2 - Y ( J ) ) * C D 2  
C C  9 1  J - J D E L I , N  
P C L r ( J ) = U 1 < J ) / C D 1  
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9 1  F ( J ) =  ( Y ( J ) - R l  ) * C C 1  
HiR ITE (6 ,3 1 ) (F (K) . K = 1 . N ) 
WRI I E<6,31 ) (PCLTCK) ,K=1 ,N> 
U l  4  1  ) - 0 .  
LUN ) = 0. 
C C  e 15 J = 1 . N  
02(J J = U1(J) 
815 U2(J)=U1(J) 
C A L L  V I S C 2  
W R I T E ( É , 3 1 J ( T V ( K J . K = l , N )  
WRITE(«.;i)(XL(KJ,K=l,N) 
W R I T E ( ( , 3 1  )  ( E K ( K )  . K  =  l  . N )  
30 FCP*AT(5X,I4,SG13.S) 
R E T U R N  
E K C  
F U N C T  I C N  G < Y , F . C P C . X I  , X F . R I . R 2 . 0 E L T A I  . O E L T A O , J D E L I . J . B B . C C . G F }  
C C M M C N / H H H H / H I  . F c , H 3 . h 4 , H 5 . H 6 . H 7 , H 8 . H 9 . H  1 0  
C C M M C N / I U R B / X L ( 1 0 1 ) . T A ( 1 0 1 ) . T V ( l O l ) , P O U T ( 1 0 1 1 .  J 5 T 1 . t S T  2 . G C O N . D D I  .  
$ D O Z . A P  . V C K C , X Û I 3 T  . D U O Y C  . D U D Y I  . T A U l  . T A U 2  
D C L B L E  P R E C I S I C N  F ,  X 1  . X F . O X L . X  M , G . X P . X P 1  , X P F , X L 1 . X L 2 . X P M ,  
Ï X N y . G F . O E X P . D A B S . C S Q R T , D O . O M I N l . D L C G . S S O D  
X P F = 1 .  
CXL = C, 
X H  =  0 . C 6 # ( P 2 - R 1 I  
J  l = J D E H  •  1  
I F  (  J . G E . J l  ) & G  T C  2 5  
D O = D S a f i T ( D A 0 S ( X I ) )  
X P = P 2 ~ Y  
X F 1 = X F * D D / C C  
IF(XP1 .GT.7,)GC TC 59 
X P F = 1 . - D E X F ( - X F 1 )  
5 9  X L 2 = Q c * X P * X F F  
K H - O M l M  ( X L  1 , X L 2 J  
I F { X M . E C . X L 2 ) C X L = - 8 8 * X P F - B B * X F * D D * ( l . - X P F ) / C C  
G C  T C  4 0  
3 5  C C N T I N L E  
DC=DSaFT(CAES(XF)) 
XP=Y-F1 
XF1=XF*DD/GF 
IF(XP1 .GT.7 .JGC TC 69 
XPF=1.-0EXP(-XP1) 
05 XL2=aB*XP*XFF 
X M = D M  M  ( X L  I . X L 2  )  
I F { X M  . E O . X L 2 ) C X L  =  E B * X P * D O * (  1 . - X P F  ) / G F  + B B + X P F  
4 0  C C N T I N L E  
X P P = X M # X y/Y+ 2 . * X M * C X L  
XkM=l.+2.*Xy*XM*CAES(F) 
G = ( D P D - F/Y- X P M * F*Cf8S( F ) ) / X N M  
R E T U R N  
END 
S L E R C L T J N E  P R E S S  
D I P E N S I L N  S L M l ( 1 0 1 ) . S U M 2 ( 1 0 1 )  
C O M M C N / L A T E / M .*y,h,NMl,NM2,Ny.ftl ,R2,0V8( 101).OYF( 101),DYT (  101). 
SY(101J .YF( 101) .YÊ (101J,R(101 ) 
C C M M C N / M P V X / U l ( 1 0 1 ) . U 2 ( 1 0 1 ) . U 3 ( 1 0 1 ) . V ( 1 0 1 > . E V ( 1 0 1 ) . E K ( 1 0 I ) , E V F ( i 0 1  
* ) . E v e ( 1 0 1 ) . E K F ( 1 0 1 ) . E K B { 1 0 1 ) , 0 1 ( 1 0 1 ) . 0 2 ( 1 0 1 ) . D 3 ( 1 0 1 ) , C ( 1 0 1 ) . N S .  
$ I C C U N T . O E L X F t D E L X e . D E L X T , D E L P P . P D R C P . P O . P P  
C C M f C N / V M P / P l . X M A S S . D H L P T  
C C  y W C N / D E L / J D E L . J C E L I . J O Ë L G . D E L M  I N . D E L T A  1 . D E L T A O . M N . 0 X F . V J S . V J F .  
Î D X F M . C C C  
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C O f ' M C N / S r U P I D / L O R Î  . N S M l  , P  S  A  .  P S Ë  .  P S C  .  P S  D .  X C C N  V  .  S  l  , S 2  
C O K f C N / U N M / F C O N . G G  . B E T A  , U G F , F D V  
C Q M M C N / A H M A C I / T l  < 1 C 1 J . T 2 { 1 0 1 ) . T 3 ( 1 0 1 > . 1 W 2 , T W 1  ,  J T D f T L  .  f  B I H I C  .  O O R I N ,  
S O T  C V O , C T C Y I , T C C N V , X K C C N V , T  M E A N , X T M t A N , U C V , O C 0 . H A V u 2 , H A V t 1  
C O M M C N / N A I L A / T H E R K . C P V f R . D V A R . C V l S C . O M E A N  . C P M t A N . V M E A N . X K M E A N .  
Î U C . V C t C O t T C . P S r A R T  . H T K . C P C C N  
C C f N C N / r U H B / X L ( l C l > , T A ( I 0 1 ) t T V ( 1 0 1  ) . P O U T  <  1 0 1  ) , J S T 1 , L S T 2 , G C O N , O D l  .  
$ D D 2 . A P . V C K C . X D I S T . C U U Y C . D U D Y 1 . T A b l . T A U 2  
C O W M C N / H H H H / H l  , H 2  . 1 - 3  . H 4  , H 5  . H 6  .  H 7  , H b  .  H 9  , H  1  0  
S L M P l = C . O  
S U M F 2 = C . 0  
I F  ( I C C U N T . C E . N S j G C  T O  3 0 5  
C  S T A N D A R D  E X P L  c Q N S  
U 1 ( 1 )  =  L 1  ( 2 ) / (  l  . 0 K I . 0 - U l ( 2 ) / U l ( 3 ) ) * D Y F ( l j  / D Y F ( 2 )  )  
I F < L l ( l > . E C .O .a ) U l <H = l  . O E - 5  0  
S  U M l  ( 1  ) = ( O E L X F  +  Y F  < 1 ) » E V F ( 1 J / ( 2 . 0 » D Y T ( 1 ) * D Y F ( 1 ) ) ) * ( U 1 ( 2 ) / U 1 ( 1 ) - 1 . 0 >  
I F ( F C C N . G T . 0 . . A N C . O C R I N . L T . O .  ) S U M 1  ( 1 )  =  S L M U  i ) - D E L X F * U G F * B E T A * ( T l  
$ (  1 ) - T l < N ) i • T C C N V ^ Y  < 1 J / U 1 (  1 >  
I F ( F C O N . L T . O . O ) S U M  U 1 ) = S U M 1 (  1 ) + D E L X F * U G F * D 1 ( 1 ) *  Y { 1 ) / U 1 ( 1 )  
S U M 2 ( 1  )  =  - Y ( l ) / U l  ( 1  )  
I F ( R I . E O . O . O J G C  T C  3 0 0  
U l ( N ) = L l ( N - l ) / ( l . C + ( 1 . 0 - U 1 ( N - 1 ) / U l ( N - 2 ) ) * C Y B ( N J / O Y B ( N - l J )  
I F ( U 1 ( N ) . E C . O . C ) U 1 ( N ) = 1 . 0 E - 5 0  
S C M l ( N  ) = ( D E L X F * Y E ( N ) * E V B ( N ) / ( 2 . 0 * D Y T ( N ) * D Y 8 ( N ) ) ) * { U 1 ( N - 1 ) / U 1 ( N ) - 1 .  
*0 ) 
I F ( F C C N . G T . O . O . A N C . O O R I N . G T . 0 . ) 5 0 M 1 ( N J  =  S U M  1 ( N ) - D E L X F « U G F » B E T A » { T 1  
S ( N ) - T 1  ( 1  ) ) * T C C \ V * Y ( N ) / U  1 ( N J  
I F X F C C h . L T . O . O ) 5 U M 1 ( N ) = S U M 1 ( N ) + D E L X F * U G F * D 1 ( N ) * Y ( N ) / U 1 ( N )  
S l , M 2 ( N  )  =  - Y (  M / L l { h )  
1 F ( 4 B S ( D X F ) . N E . 4 . ) C 0  T O  3 0 0  
S U P l ( 1 ) - 0 . 0  
S U M 2 < 1 ) = 0 . 0  
S L N l ( N  )  =  0 . C  
StW2(N ) = 0.0 
200 CChTINL= 
D C  3 0 1  J = 2 , h M l  
P F - 2 . 0  * Y ( J ) * D Y T ( J ) « O Y F ( J ) « D Y B ( J )  
P A = F F * L 1 < J  J  
P E 1  =  C E L X F » C Y B (  J  > •  V F (  J  ) * E V F ( J ) * ( U 1 (  J < -  I J - U l  (  J  )  )  
P B 2  =  Y B * J ) * E V B ( J ) * C y F ( J ) * D E L X F * ( L 1 <  J - 1  ) - U l  ( J ) )  
V V F P = V  ( J  )  
H P =  V V P P * ( U l ( J J - U l ( J - 1 J ) / D V B ( J )  
I F ( V V P F . L T . 0 . 0 ) H P = V V P P * ( U 1 ( J + 1 > - U l ( J ) ) / D Y F ( J )  
P B 3 = - P F * D E L  X F » C H  J  )  • H P  
P E 4 = P F * U 1 ( J ) * U 1 ( J ) 4 U 1 ( J )  
P C = - F F  
1 F ( F C C N ) 3 0 . 3 5 , 4 0  
3 0  P T = P F * C E L X F # U G F * D 1 ( J )  
G C  T O  4 b  
3 5  P T = 0 . 0  
G C  T C  4 5  
4 0  P T = P F * C E L X F * F C C N V C ( B E T A . U G F , T O . N , J )  
4  5  S U M l  ( J ) = ( P E l + P E 2 4 F E 3  +  P B 4  +  P T j * Y ( J ) / F A  
S U V 2  ( J  Ï = P C » Y ( J  ) / P A  
3 0 1  C C h T I N L E  
I F ( R 1 . N E . 0 . 0 ) G C  T C  3 0 4  
S t M l ( N ) = 0 . 0  
S U W 2 ( N ) = 0 . 0  
3 0 4  C C N T I N C E  
U l ( l ) = C . 0  
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I F ( R l . G T . O . 0 ) U l ( N ) = 0 . 0  
G C  T C  i l l  
3 0 5  C C M I M . E  
C  C - F  E C N S  
B H B = 2 . * D E L X e ^ O E L X T  
O E M = D = L X T *  ( D / e i  1  )  • »  Y F  (  1  )  «  £  V F  (  1  ) * D Y F ( 1 ) * Y B ( 1 ) * E V 8 I 1 ) ) * U B B  
S L M 1 ( 1 ) = 2 . 0 * O E L X T $ C Y 8 ( 1 ) * E V F ( 1 ) * Y F ( 1 ) * U 2 ( 2 ) * D 2 ( ] ) * Y ( 1 ) / û £ N l  
i  F ( F C C N . G T . 0 . 0 . A N C . G O R I N . L T . 0 .  ) S U M 1 ( l )  =  S U M ) ( ] ) - 4 . t Y ( l ) * D Y T ( 1 ) * D Y F I  
$ 1  ) * 0  Y E ( 1  ) * D E L X T * U G F * 8 E T A » (  T 2 ( 1  ) - T 2 ( N  )  l * T C C N V * D 2 (  1 ) * Y ( 1 ) / D E N l  
I F ( F C C N . L T  . 0 . 0  ) S L , y  1  (  1  )  =  S U M 1 (  1 ) + 4 . 0 * Y ( 1 ) * O Y T ( 1  ) * D Y F  (  1  ) * D Y B (  1 ) * D E L X T  
3 + L C F * C Z ( l ) * C 2 (  1  ) * V ( 1 ) / D E N  1  
S U M 2 (  1  )  =  - 4 . 0 * 0 V T (  1  ) * O Y F ( 1  ) * D Y 8 ( 1 ) * C 2 ( 1  l * <  Y (  l ) * * 2 . 0 j / D E N 1  
I F ( K 1 . E Q . O . O J G C  T C  2 0 6  
D E N N = O E L X T *  ( D Y E ( N ) • Y F { N > * E V F ( N ) < D Y F ( N ) • Y B ( N ) • E V B ( N ) ) * B B 8  
S U M ]  ( N  i = 2 .  0 * D E L X T » C  Y F  ( N )  » £  V B < N )  * Y E i (  N  ) * U 2  (  N - 1  )  •  0 2  (  N  )  o  Y  (  N  ) / O E N N  
I F ( F C C N . G T . 0 . 0 . A N C - O C R I N . G T , 0 . ) S U M 1 < N )  =  S U M  1 ( N ) - 4 . » Y <  N ) » D Y T ( N ) * 3 Y F  
$ ( N ) # D Y E ( N ) * 0 E L X T * U G F * B E T A * ( T 2 ( N ) - T 2 ( 1 ) ) » T C C N V * D 2 ( N ) * Y ( N ) / D E N N  
I F ( F C C N . L T . 0 . O ) S U M l ( N ) = S U M l ( N ) + 4 . O * Y ( N ) » D Y T ( N ) * O Y F  < N ) « D Y a ( N ) « D E L X T  
$ * U G F * 0 2 ( N ) * C 2 ( h ) * Y ( N ) / D E N N  
S U M 2 ( N ) = - 4 . 0 * O Y T ( N ) * D Y F ( N ) * D Y B ( N ) * 0 2 ( N ) • ( Y < N ) 2 . 0 ) / D E N N  
I  F ( A b S ( D X F )  . N S . 4 . ) G O  T O  3 2  1  
StWl(1 ) = 0 .0 
SLNf(1)=C.0 
S U M l ( N  )  =  G . C  
3 U M 2 ( N ) = 0 . 0  
G O  T C  : 2 1  
3 0  6  U 2 ( N  +  1  ) - L 2 ( N - l  )  
3 2 1  C C M I N C E  
4 f A = C E L X F / D E L X T  
D C  3 0 /  J - 2 t N M l  
P F = 4 . 0 * Y ( J ) » D Y T ( J ) « U Y F ( J ) $ U Y 8 ( J )  
F A 1 = F F *  C 2 < J ) * L 2 ( J )  
P A 2 = 0 E L X T * C Y B I J ) * Y F ( J ) * E V F ( J ) » E B B  
P A 3 = D E L X T * C Y F (  J ) * Y E  <  J  )  * E V 8 ( J ) * E 8 8  
V V F F = V ( J )  
P a i = - P F * U E L X T * C 2 ( J ) * V V P P * ( U 2 ( J + l j - U 2 ( J - l ) ) / 0 Y T ( J )  
P d 2  =  2 .  C » D E L  X T t C Y E  ( J ) * E V F ( J ) * ( U 2 ( J + 1  ) - A A A * L l ( J ) ) • Y F ( J )  
P B ?  =  2 .  C * C E L  % T * C V F  ( J ) * E V e ( J ) * ( U 2 ( J - l  ) - A A A * U l ( J »  ) » Y e ( J )  
P 8 4 = P F * 0 2 ( J ) * U 1 ( J ) # U 2 ( J )  
P C  = - P F  
I F ( F C C  h ) 6 0 , e s . 7 0  
6 0  P T = P F * C E L X T * U G F * C 2 ( J )  
G C  T C  7 5  
6 5  P T = 0 . 0  
G C  T C  7 5  
7 0  P T = P F + C E L X T + F C C N V C ( 8 E r A , U G F , T C , N . J )  
7  5  S U y i ( J ) = ( P B l + P e 2 + P E 3  +  F B 4  +  P T ) * D 2 ( J )  »  Y  (  J  i / (  P  A  1 + P A  2 « - P  A 3  )  
I f ( i A E S ( L C R T ) . E Q . S . J W R I T r ( 6 , y O ) P A l , F A 2 , P A 3 , P a i . P B 2 , P B 3 , P B 4 , P T  
3 0 7  S L W 2 ( J ) = F C * 0 2 ( J ) * Y ( J ) / < F A 1 + P A 2 + P A 3 )  
Z 1 1  C C N T I N C E  
9 0  F C R M A T  ( 5 X .  1 0 G 1 3 . 5  )  
I F ( 1 A E S ( L C P T ) . E G . 9 . ) W R I T E ( 6 . 9 0 ) ( S U M 1 ( K ) , K = 1 . N )  
I F ( I A E S < L C K T ) . f c a . Ç . ) t e R I T E ( 6 , 9 0 ) ( S U M 2 ( K ) . K = l . N )  
D C  3 C 9  J  =  1  . N M 2  . 2  
W F 2 = D Y  T ( J + l ) / D Y F ( J  +  l ) * ( D Y T ( J  +  l ) / 3 . 0 - D Y B ( J  +  l ) / 2 . 0 )  
W F l = O Y  T {  J + l ) * * 2 . 0 / ( 2 . 0 * D Y B ( J  +  l ) ) - W F d * D Y T ( J + l ) / D Y B ( J + l )  
W F 0 = C Y T ( J + l ) - W F l - k F 2  
S U ^ F I  =  S U M P 1 + W F 0 » S L M ( J )  + W F  l * S U M l  ( J  +  l  ) + W F 2 * S U M  l ( J  +  2 ]  
3 0  9  S U M P 2 = S U M P 2 + W F 0 * S L M 2 ( J ) + W F 1 * S U W 2 ( J + 1 ) + k F 2 * 5 U M 2 ( J » 2 )  
OFFFP= { S J M P 1 - X M A S Î / ' ( 2 . 0 * P I  ) ) / S U M P 2  
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I F ( I C C L N T . G F . N S I G C  T O  2 7 1  
O E L P F = C P P P F  
G C  T U  :  6 1  
3 7 1  O E L F T = C P P P P  
0 E L P F  =  C £ L X F * D E L P 1  / C E L X T  
3 8 1  P D f i O P = F O f i C F + D E L P P  
F P = P U - F D f i C F  
X C P O = D E L F F / D E L X F  
I F (  I A B S ( L C R  T ) . E G . 6 ) W R I  T E ( 6 , 9 0 J O E L T A O . D E L T  A 1 . X O P D . X D I S T  
J F ( l A E S ( L C R T ) , E a . S . ) W R I T e ( 6 , 9 0 ) S U M P l , S U M P S  
R E T U R N  
E N C  
S U B R O U T I N E  U V E L  
C O  K M C N / X  B I R T H / P R E  A  C , P l » R  I  T E , S T L F , X C 1  .  X C  2  .  D E L  1  .  D E L  2  »  U E  .  C H E C K  . R E D  
C C f f C N / M U X / J O I  , U P C 1 . U P C 2 . U F C 3  
C O W K C N / K C M E N T / K E T C  . « E T  I , 0 1 S P T I  . T H E T I , H H I . O I S P T 0 . T H E T O . H H Q  
C C N M C N / H t - H H / H  1  ,  H  £  .  H  3  .  H 4  .  H 5  H 6  ,  H 7  .  H 0  ,  H 9  .  H  1  0  
C O M M C N / N A I L A / T H E P K . C P V A R . D V A R , C V I S C . D M E A N , C P M E A N . V M E A N • X K M E A N »  
$ U G « V O . n O . T C , P S T A F T . H T K . C P C C N  
C O K M L N / L A T E / M . M M , h . N M  1  .  N M 2 . N Y . R 1 . R 2 , D Y B <  1 0 l ) . D Y F (  1 0 1 )  . D Y T (  1 0 1 )  .  
£ V ( 1 0 1 ) . Y F i l 0 1 ) . > Ê ( 1 0 1 J , R ( 1 0 1 »  
C O f M C N / D E L / J O E L . J C E L I  .  J D E L G . D E L  M I N , D E L T A  I  . O E L T A O . M N . D X F . V J S . V J F .  
S D X F N . C C C  
C C N M C N / M P V X / U l ( 1 0 1 J . U 2 ( 1 0 1 ) , U 3 { 1 0 1 > . V ( 1 0 1 J , E V ( 1 0 1 > . E K < 1 0  1 ) . E V F ( 1 0 1  
* ) , E V E ( 1 3  1  ) . E K F  < 1 0 1 > . E K B ( 1 0 n « 0 1 ( 1 0 1 } . D 2 ( 1 0 1 ) . 0 3 ( 1 0 I ) . C ( 1 0 1 ) . N S .  
S I C C U h T . D E L X F . D E L X B  . D E L X T . D E L P P . P D R O P . P O . P P  
C C M M C N / V M P / P I . > M A £ S . O E L P T  
C O M M C N / S T U P I O / L O R T . N S M l  . P S A . P S B  .  P S C . P S D . X C C N V . S 1 . S 2  
C C C M C N / U K J ' / F C C N  . G C  . B E T A . U G F . F O V  
C C M M C N / A H M A D I / T l  ( I C I )  . T 2 (  1 0 1 ) , 7 3 ( 1 0 1 )  .  T « ( 2  . T W  1  ,  J T D E L  .  T B T H  I C  , O O R I N ,  
S D T D Y C , C T D Y I . T C C N V . X K C C N V , T M E A N , X T M E A N . Q C V , Q C D . H A V E 2 . H A V E l  
C  S T A N D  E X F L  E C N S  
I F ( I C O L N T . C E . N S ) G C  T O  4 0 3  
I F  ( C H E C K  . G T  . 0 .  ) G C  T O  9 9 9  
I F d C C L N T . E d . l  )  U P C  1  =  U P C  2  
G C  T C  1 0 0 0  
9 9 ?  C C h T I N L E  
I F ( I C C l N T . E C . l . A N C . f D V . L T . O . ) J C l = 1 0  
I  F ( F C V  . G T . C . O ) J C I  =  C  
I F ( I C C L N T . E C . 1 ) U P C 1 = 1 .  
1 0 0 0  C C N T I N U E  
I F ( J O I  . G T . l  ) U P C 2 = L F C 1  +  D E L P P / U P C 1  
I F ( J C 1  . Ù T . 1  ) U D E L  =  0 . 9 9 5 * U P C 2  
U F C 3 = L P C Z  
LJI=-l 
L J C = - 1  
D O  4 0 1  J J J = 2 . N M 1  
I  F ( J C I  . L E  . 1  ) G 0  T C  € 1 1  
I  I - -  1  
I  F  ( L  J  I  . Ù T  . 0  . A N C  . L  J C  . G T  . 0 »  G C J  T O  8 0 9  
I  F  ( L  J C  . G T  . 0  ) G C )  T C  € 8 0  
t  1  1  J = J J J  
J P L  = J + 1  
J P L = J - 1  
6 2 0  D B V ^ V  (  J M L ) - Y (  J  )  
D F V = Y ( J ) - Y ( J P L )  
D T Y = Y ( J M L ) - Y ( J F L )  
U F = 2 . 0 # Y ( J ) * D T Y * C F V * D 8 Y  
U A = U F * C 1 ( J ) * U 1 ( J )  
233 
U B 1 - U E L X F » C B Y « ( Y ( J ) + Y ( J P L ) ) # ( E V ( J ) + e v ( J P L ) ) • ( U 1 ( J P L ) - U 1 ( J ) )  
U B 2 = C E L X F * D F Y * ( Y < J ) » Y ( J 4 L ) ) * ( E V ( J ) + E V ( J % L ) ) * ( U 1 ( J M L ) - U 1 { J ) )  
V V P P - V ( J  J  
H V  =  V V F F * ( L 1  ( J ) - U 1  ( J M L )  ) / D U  Y  
I F  <  V V P F . L T  . 0 . 0  ) H V  =  \ / V P P * ( U 1  ( J P L  ) - U l  (  J  )  )  / O F  Y  
U B 3 = - U F * C E L X F * C 1 ( J ) * H V  
ue4= U F * 0 1 ( J ) * U l ( J ) * U I ( J )  
U C  =  - U F  
( F ( F C C h ) 3 0 . J S . 4 0  
3 0  U T = L F * C E L X F * U G F * U t ( J )  
G C  T C  4 5  
3 5  U T = O . C  
G C  T C  4 3  
4  0  U T  =  U F * C E L X F * F C C N V C  ( B E T A , U G F . T O , N , J  I  
4 5  U 2 ( J ) = ( U 8 1 + U B 2 * U B 2 4 L y 4 + L T I / U A - D E L P P * U C / U A  
U3(J)=L2(J) 
I F ( J O I . L E . 1 > G 0  T C  4 0 1  
I F  ( I I . G r . 0 ) G O  T O  6 6 8  
I F  ( U 2 (  J ) . G E . U D E L J L J C = J  
I F ( L J L . G T . 0 ) U U C = L 3 ( L J C )  
6 8 0  I  F ( L J I  . G T . 0 ) G 0  I C  4 0 1  
J  =  N - J J  J + 1  
J P L  = J -  1  
JNL=J+1 
1 1  =  1  
G C  T C  « 2 0  
6ee I F (t2( J ) . G E . U O E L ) L J I - J  
I F { L J I . G T . 0 J t U I  =  L 3(Ljn 
4 0 1  C C N T I N L E  
I F ( J O I  . L E .  I  I G O  T C  4  3 4  
GC TC eol 
4 0 3  C C N T l N L i  
C  C - F  E C N S  
I F < F D V  . G T . O . ) j a i  =  C  
I F (  J G I  . G T . l  ) U P C 3  =  t . ' P C I  • D E L P T / U P C l  
I F ( J C I  . o T . l  ) U O E L = C  . Ç 9 5 # U P C 3  
L J ï = - 1  
L J G = - 1  
A A A = C E L X F / C E L X T  
B B E = 2 . • O E L X e / D E L X T  
D C  4 0 5  J J J = 2 . N M 1  
I F ( J C I  . L E , 1  ) G Q  T C  7  1 1  
I  I  =  -  1  
I  F ( L J l  . G T . 0  . A N D  . L J C . G T  .  0 ) G O  T O  8 0 9  
1  F ( L J C  . G T . 0  ( G O  T O  < 8 0  
7 1 1  J = J J J  
J P L  = J +  1  
J U L  =  J -  1  
7 2 0  3 6 Y = Y ( J M L ) - Y ( J )  
O F Y  =  Y ( J ) - Y (  J P L  >  
D T Y = Y ( J M L ) - Y ( J F L )  
U F = 4 . 0 # V ( J ) * D T Y * D F Y * D B Y  
U A 1 = L F 4 C 2 ( J ) * U 2 < J )  
U A 2 = 0 E L X T * D e Y * ( Y ( J ) + Y ( J P L ) ) * ( E V ( J ) + E V ( J P L ) ) * B B B  
U A 3 = C E L X T * C F Y * ( Y ( J ) + Y ( J M L ) j * ( = V ( J ) + E V ( J M L ) ) * 8 B B  
V V P F = V ( J j  
U B l = - U F * C 2 <  J ) * 0 E L X T * V V P P * ( U 2 ( J P L ) - L 2 ( J  M L  J ) / D T Y  
U E 2 = 2 . C * D E L X T * 3 E Y * ( E V ( J ) + E V { J P L ) ) * ( Y ( J ) + Y ( J P L ) ) * ( U 2 ( J P L ) - A A A * U 1 ( J )  
S ) 
U E 3 = 2 . 0 * U E L X T * C F Y * ( E V { J ) + E V [ J M L l ) * ( Y ( J ) * Y ( J M L ) ) * ( U 2 ( J M L ) - A A A * U 1 ( J )  
234 
S )  
U e 4  =  U F » 0 2 (  J  ) » U 1 <  J ) - * U 2 (  J  J  
U C = - U F  
I F | F C C ^ ) 6 0 » e 5 ,  7 0  
6 0  U T = U F * C E L X T * U G F * 0 2 ( J )  
G C  T C  7 5  
6 S  U T = 0 . 0  
G C  T C  
7  0  U T = U F * C E L X T * F C C N V C ( O E T A . U G F , r O , N , J )  
7  5  U 3 ( J j = ( U B l + U B 2 4 L E 2 4 U 8 4 + U T j / ( U A l + U A 2 + U A 3 ) - 0 E L P T * U C / ( U A I + U A 2 + U A 3 l  
I F ( J O I . L E . 1 ) G O  T C  4 0 5  
I F < 1 I . C T  . 0 ) G O  T O  7 £ 5  
I F C U 3 < J ) . G E . U D E L ) L J C = J  
I F ( L J C . l i T . O  ) U U C = L  j ï L J C )  
7 8 0  I F ( L J I  . G T . O ) G O  T C  4 0 5  
J = N - J J J +  1  
J P L = J - 1  
Jiw/.-J+1 
1 1 = 1  
G C  7 C  1 2 0  
7 6 5  I F ( U 3 ( J » . G E . U D E L J L J I = J  
I F ( L J I . G T . O ) U U I = L ; < L J I )  
G C  T C  4 0 5  
4 0 5  C C N T I M , E  
I F (  J O I  . L E .  1  ) G O  T C  4 3 4  
8 0 1  I F ( L J I  . E Q . L  J O ) U 3 ( L J I ) = ( U U I • U U 0 ) / 2 .  
8 0 9  J O E L I - I J I  
J D E L C = L J C  
J O I - J D E L I - J O E L C  
O E L T A I = y ( J D E L I ) - A l  
O E L T A O - R 2 - Y ( J U E L C )  
D E L M I N = A M A X 1  O E L T A  I  . D C L T A O )  
I F (  J D I  . L E . D G O  T C  4 0 7  
U U = ( U L I + L U C ) / 2 .  
L  Ï  =  J D E L C  + 1  
L 2 = J D E L I -  1  
D C  8 1 1  J - L L  , L 2  
I F ( I C C C N T . L T . N S I U S ( J ) = L P C 2  
E N  U 3 ( J )  =  L P C 3  
I F D C C L N T . N E . N S M L  ) L . P C L  = U P C 2  
I F ( I C C T N T . 5 E . N S ) U P C 2 = U P C 3  
G C  T C  4 0 7  
4 3 4  O C  4 3 6  J = 2 . N M 2  
K=h-J+1 
I F ( J C E L O . L T . O . O ) G C  T O  4 3 6  
X = L 3 <  J ) / L 3 <  J  +  1  )  
I F < X . G E . . 9 9 9 9 ) J D £ L C = - J  
4 3 6  I F ( J D E L I . L T . 0 . 0 ) G G  T O  4 3 7  
Z = L 2 ( K ) / U 3 ( K - L )  
I F ( 2 . G E . , 9  9 9 9 ) J D E L 1 = - K  
4 3 7  1 F < ( J D E L I . L T . O . C ) . A N D . ( J D E L O . L T . 0 . 0 ) ) G 0  T C  4 3 9  
4 3 e  C C N T I N L c  
4 3 9  J O E L I = I A B S ( J D E L I )  
J O E L C = l A B S i J D E L C )  
D E L T A I  =  r <  J D E L I  ) - K l  
D E L T A C = R 2 - Y ( J D E L O )  
O E L N I N = A N I M ( D E L T A X  . O E L T A O )  
4 0 7  C C h T I N L c  
J C I = J D E L I - J D E L C  
R E T U R N  
235 
E N C  
F U N C T I C N  F C C N V C(HETA , U C F . 1 C . N , J »  
C C M M C N / M P V X / U l  ( 1 0 1 ) . U ^ ( 1 0 1 ) . U 3 ( 1 0 1  J . V d O l  ) , E V ( 1 0 l ) i t K (  I C I )  t  E V F (  1 0 1  
*  )  , E V e (  1 0  1  I  , c K F  ( l C l ) . E K t ) ( 1 0 1 ) , D U 1 0 I J . 0 2 ( I 0 1 ) . D J ( 1 0 1 ) , C ( 1 0 1 ) . N S .  
î l C C U N T  . D E L X F . O E L X e  . D E L X T . D E L P P , P D R C P . P C . P F  
C C P M C k / A H P A C l / T l ( 1 0 1 ) . T 2 ( 1 0 1 ) . T 3 < 1 0 1 ) , T W 2 , T w l . J 1 J E L . T B T H  I C . O C R  I N ,  
$ D T D Y O . C T D Y I . T C C N V . X K C C N V . T M E A N . X T M Ç A N , G C V , Q C D . H A V E 2 . H A V e i  
I F ( I C C C N T . E C . l  » T 2 < J ) = T 1 ( J )  
F C C N V C = U G F *  ( 1  .  -  E E  1  / ! * (  T 2 (  J  ) * T C C N V - T C )  )  
RETURN 
E N D  
S L E R O L T I N E  H A O V E L  
C C M M C N / N A I L A / T H E R K  « C P V A R . O V A R , C V I S C  T O M E A N T C P M E A N , V M E A N , X K M E A N .  
l U C  .  V C . C O  . T C  F P S T / l R T  , H T K  . C P C C N  
C C N M C N / L A T E / M , M K , N , N M 1 . N M 2 , N Y . R 1 . R 2 . D Y 0 ( 1 O 1 ) , D Y F ( 1 0 1 ) , D V T < 1 0 1 ) .  
$ Y ( i o i ) . Y F ( i c n . v e < i o n , R ( i o i )  
C C M M C N / T U R A / X L  (  1  0  1  )  ,  T  A  (  1  0  1  )  .  T  V  (  1  0 1  )  .  P C i U T  (  1  0  I  )  ,  J  S T  1  .  L S T 2  ,  G C  C N  ,  O D  1 ,  
$ D C 2 , A P , V D K C  , X L ) 1 S T , C I J D Y C , D U D Y I  . T A U l  , T A U 2  
C C N N C N / M P V X / C l ( 1 0 I ) , U ^ ( 1 0 1 ) . < J J ( 1 0 1 ) , V < 1 0 1 J . C V < 1 0 1 ) . E K < 1 0 1 ) , E V F ( 1 C 1  
* )  , E V e (  1  J  1  J  . E K F  < 1 0 1 ) ,  E K  6 ( 1 0 1 ) , 0 1 ( 1 0 1 ) . D 2 ( l  0 1  ) f D 3  ( i o n . C d O D . N S .  
Î I C C U N T . O E L X F . O E L X B . D E L X T , D E L P P , P D R C P . P O . P P  
C C M M C N / O E L / J D f ^ L  ,  J C E L X  .  J O f L  0 .  O E L  M  I N  ,  D E L T  A  I  .  D E L  T A C  ,  M N .  O X F  ,  V J S . V J F ,  
S D X F M . C C C  
C 3 M M L N / M T F / X M ( 1 0  1 ) . X K ( 1 0 1 ) . H T C  
O E L X X = C E L X T  
I F ( I C C L N T . L T . N S ) D E L X X = D E L X F  
K  I = -  1  
K C  =  - 1  
J C I = J D E L  I - J Q E L  C  
J C = J D E L C + J C 1 / 2  
J  1  =  J C +  1  
I F ( H T C  . L  T . C . )  J O = J D E L O « - 1  
I F ( h T C . L T . a . ) J I = J D E L I - l  
D C  5 0  J J J =  1  , N  
IF(KI.GT,O.ANO.KC.CT.O)00 T O  7 S 0  
1 L L - - 1  
I F ( K C . G T  . 0  )  G C  T C  3 C 0 1  
3 0 0 5  J = J J J  
J L L = J + 1  
I F ( J C I . G E . 2 . A N C . J L L . E G . J 0 ) K 0 = 1  
I F ( J O l  .LT.2 . A N D . J L L.EG.JDELa ) K C = l  
3 0 0 2  V A l = ( y ( J ) f Y ( J L L ) ) •  ( Y ( J ) - Y ( J L L ) )  * ( D 3 ( J L L ) * U 3 ( J L L ) + D 3 ( J ) * U 3 ( J ) )  
V A 2 = ( Y ( J ) + Y ( J L L ) I *  ( Y ( J ) - Y ( J L L ) )  * ( D 1 ( J L L ) * U I ( J L L I + 0 1 ( J ) * U 1 ( J ) )  
V A 3 = 4 . C * D E L X X * 0 3 ( J ) * V ( J ) » Y ( J )  
V e i = 4 . C * 0 E L X X * C 3 ( J L L ) * Y ( J L L )  
V ( j L L J = ( V A 3 + V A 2 - V A 1 ) / V e i  
I F < J O I . £ G . C . A N D . K I . G T . O ) V V I = V ( J L L )  
I F  ( I L L . G T . O ) G 0  T C  5 0  
I  F { J C I  . E Q . O . A N D . K C . G T . O ) V V C = V ( J L L )  
3 0 0 1  J = N - J J J + 1  
I F I K I . C T . 0 J G G  T C  5 C  
I L L  =  1  
J L L  =  J -  1  
I F ( J C I  . G T . Z  . A N C . J L L . E C . J I  ) K I - 1  
I F < J C I . L e . 2 . A N 0 . J L L . E C . J D E H ) K I = l  
G C  T C  3 0 0 2  
5 0  C C h T I N L E  
7 5 C  C C h T I N L E  
I F ( J C I . E C . 0 ) V ( J D E L I ) = ( V V I + V V G ) / 2 .  
236 
RETURN 
E N C  
S L . 0 B C t T J N E  V 1 S C 2  
C  C A L C U L A T E S  T U R B U L E N T  D I  F F L )  S  I V I T I  E S  U S I N G  L E N G T H  S C A L E  M O D E L  
C  C A N  A L E C  U S E  K - L  P C C E L  
C  B R D G I N G  C A N  B E  U S E C  C N L Y  W I T H  L  M O D E L  F O R  F U L L Y  D E V E L O P E D  F L O W  
C O M M C N / X K E N / X K N l ( 1 C U  . X K N 2 ( 1 0 1  ) , X K N 3 ( 1 0 1  )  , P K ( 1 0  U . K O  I , N J l . N J 2 t  X O H  
C Q M M C N / T R A N S / X T R l  , X T R 2 , X T R E 1 . X T R E 2 . R E X T R l  « R E X T R 2 t X L M D A 1 , X L M D A 2  
C C K M C N / M U X / J C I  . L P C 1 . U P C 2 . U P C 3  
C C y M C N / A h M A C l / T l  (  l C l > t T 2 ( 1 0 1  ) . T 3 ( 1 0 1 ) . T W 2  » T  l i t  1  .  J T  D E L  .  T B T H  I C  .  O O R I N .  
S D T C Y C . C T D Y l , T C C N V  «  X K C U N V . T M E A N , X T M E A N i Q C V  t O C O  t H A V E 2  t H A V E 1  
C C f y C N / M r F / X M ( 1 0 1  )  . X K <  X O l  J . H T C  
C O K M C N / U M M / F C O N . G G  . 8 E T A . U G F . F D V  
C C M M C N / H H F H / H l  . F  2 . H 3 . H 4 . H 5 . H 6 . H 7 . h 8 . H 9 . h  1 0  
C O M M C N / r U R B / X L C l O l  ) . T A ( 1 0 1 ) . T V (  1 0 1 ) .  P O U T  (  l O D . U S T l  .  U S T  2  ,  G C  O N ,  O D 1  .  
S D C 2 , A P , V D K C  # X D 1 S T . C U D Y C . D U D Y I , T A U 1  . T A U 2  
C G M M C N / L A T E / M . M N , N  , N M 1 , N M 2 , N Y , R 1 . R 2 . C Y E ( 1 0 1 ) , D Y F ( 1 0 1 ) . D Y T ( 1 0 1 ) .  
$ Y ( 1 0 1 )  , Y F C 1 0 1 )  . Y E  (  1 0 1 )  . R (  1 0 1  )  
C C M M O N / M P V X / U l ( 1 0 1 ) . U 2 < 1 0 1 ) , U 3 ( 1 0 1 ) . V ( 1 0 1 ) . E V ( 1 0 n , H K ( 1 0 1 ) , E V F { 1 0 1  
* )  . E V B ( l O l )  F E K F ( 1 0 1 ) . E K B ( 1 0 1 ) . D 1 ( 1 0 1 ) . D 2 ( 1 0 1 ) . 0 3 ( 1 0 1 ) . C ( 1 0 1 J . N S .  
S I C C U N T . D E L X F . D E L X B  . O E L X T . D E L P P . P C R C F . P C . P P  
C G W M C N / D E L / J D E L . J C E L I  , J O E L O . D E L M  I N , C E L T A I  .  D E L T A O . M N , D X F . V J S . V J F ,  
S O X F P . C C C  
C O W M C N / S T U P I O / L O R T . N S M  1 . P S A . P S E . P S C . P S 0 , X C C N V , S 1 . 5 2  
C C M M C N / N A I L A / T H E K K . C P V A R . D V A R , C V I 3 C . D M E A N , C P M E A N . V M E A N . X K M E A N .  
S U G . V G t C G . T C . P S T / R T  . H T K . C P C C N  
C O M M C N / X B I R T H / P R E  A C . P M R  I T E . S T L F . X C 1 . X C 2 , D E L  1 . D E L 2 . U E . C H E C K . R E D  
S S S S  =  0.le 4  
G A f A T l - 1 .  
G A M A T 2 - 1 .  
X F ( F C V . G T . 0 . ) 3 C  T C  9 0 3  
I F ( X T R 1 . L T . 0 . . A N D . X T R 2 . L T . 0 . J G C  T O  4 6 4 0  
I F C X D I « T . G T . A i S i X T R E l ) . A N O . X D I S T . G T . A B S ( X T R E 2 ) ) G O  T O  4 6 4 0  
I F ( X T R 1 , G E . 0 . . C R . X 7 R 2 . C E . 0  . ) C A L L  G M T R A N ( X D 1 S T . U 3 ( J C E L O J .  
$ G A M A T l , G A M A T 2 . X M ( J C E L I ) . X M ( J  D E L C ) . D 3 ( J D E L I ) . D 3 { J D E L C ) . D C . V C )  
4 6 4 0  I F ( X C 1  . L T . O . ) G C  T C  9 0 1  
X C l  =  X C l + D e L X F * * C 1 * I S T 1 / ( H 3 * U E * D E L 1 * D E L  1 • U C ) » ( D E L I - X C 1  )  
X C 2 = X C Z + C E L X F * X C 3 * l S T 2 / ( H j * U E * D F L 2 * 0 E L 2 * U C ) * ( D E L 2 - X C 2 )  
X L 1 = H 2 $ X C 1  
X L 1 1 = H Z * X C 2  
I  F (  J C I  . G T . O G O  T C  9 0 3  
X L 1  =  ( X L 1 + X L 1 1 ) / 2  .  
X L U  =  X L 1  
G C  T C  9 0 3  
9 0 1  X L  1 = . C f 5 * O E L T A I  
X L 1 1 - . C 8 5 » D E L T A C  
X C 2 = X L 1 1 / H 2  
X C  1  =  X L  1 / H 2  
9 0 3  C C N T I N L E  
I F d C C L N T . L T . l  » G C  T C  1 0 0 1  
L S T 1 - S G R T ( G C C N * T A L 1 / ( D 3 ( N ) * 3 C ) )  
U S T 2 = S C R T ( G C C N * T A L Î / ( C 3 ( 1 ) * 0 C ) )  
0 0 1 = X C C N V * L S T l * 0 3 ( h ) * D C / ( X M ( N ) * V O )  
D C 2 = X C C N V * L E T 2 * C 3 ( l ) * D O / ( X M ( 1 ) * V C )  
I  F ( F D V . G T . O . ) G C  T C  1 0 0 1  
G C  T C  1 C 0 2  
1 0 0 1  X L l = H 2 * ( R 2 - R l ) / 2 .  
X L I 1 = X 1 1  
1 0 0 2  C C N T I N L E  
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I F < H 7 . L T . 2 . ) G O  T O  € 0 0 5  
DC elec j=i.N 
8 1 6 0  T A ( J ) = > L < J J  
e o o s  C C N T I M . E  
J K  = -  1  
K  J  =  - l  
J M = - 1  
J h  =  -  1  
I F < F C V . G T . 0 . ) J W = 1  
I F ( F D V . G T . O . J  J N = 1  
0 0  4  1 0  
1  F ( K J . G T . O . A N D . J K . C T . 0  ) G a  T O  4 1 1  
I F ( K J . G T . O J G O  7 C  4 0 1  
K = N-J+ 1 
R 1 K = Y ( K ) - R 1  
Y 1 P = R 1 K * C C 1  
A F 1 = A P * ( R 1 / R 2 ) * * h 4  
X L 2 = V C K C » f i l K * (  1 . - E > P t - Y l P / A P l >  J  
X L ( K )  =  A M I  M  ( X L  l . X L Z )  
I F ( X T R l . C E . C . ) C C  T C  4 0 0  
I F ( J M . G T . O ) G O  T C  4  C O  
I F ( Y 1 P . L E . 5 C . . A N C . X L 2 . G T . X L 1 ) G C  T O  3 3 3  
G C  T C  4 0 0  
3 3 3  X L 1  =  V D K C * ( 1 . - E X P ( - £ 0 . / A P I  I ) * 5 0 . / D D I  
X L ( K ) = > L 2  
J f - l  
X C 1 = 0 . C 8 5 * D E L T A I / H 2  
4 0 C  I F ( K . L E . J O E L I . O P . X L ( K J . E Q . X L l ) K J = K  
4 0 1  I F ( J K . 6 T . O ) G O  T C  4 1 0  
R 2 J = R 2 - Y ( J )  
Y 2 F = R 2 J » D D 2  
X L 2  =  V D K C  » R 2 J * {  1 . 0 - E X P ( - Y 2 P / A P )  )  
X L  (  J )  =  A M I  M  ( X H  1  . X L 2 )  
I F ( X T R 2 . G E . O . ) G O  T C  4 0 9  
I F l J N . G T . O ) G C  T O  4 C 9  
I F ( Y 2 P . L F . 5 0 . . A N D . X L 2 . G T . X L 1 1 ) G O  T O  4 3 3  
G C  T C  4 0  S  
4 3 3  X L l l = V C K C + (  1 . - E X P ( -  5 0 . / A P )  ) * 5 0 . / L 0 2  
X L ( J ) = > L 2  
J N =  1  
X C 2 = 0 . C t ! S * C E L T A C / l - î  
4  0 9  I F ( J . G  E . J O E L O . C R  . X L  (  J )  . E Q . X L  1 1  J  J K  =  J  
4 1 0  C C N T I N L c  
4 1 1  J K 1 = J K + 1  
KJl=KJ-1 
D C  4 1 8  J = J K 1 , J 0 E L C  
4 1 8  X L ( J ) - > L ( J K >  
D C  4 1 9  J = J O E L I t K J 1  
4  1 9  X L (  J ) - X L ( K J  )  
X L ( 1 ) - C .  
X L ( N ) = 0 .  
I F ( J O I  . L E .  1 ) G 0  T C  4 3 5  
J J I - J D E L I - l  
J  J C = J D E L C * 1  
X L M = ( X L ( J K ) • X L ( K J >  ) / 2 .  
D C  4 3 0  J = J J C . J J 1  
4 3 0  X L ( J ) = > L y  
4 3 6  C O N T I N U E  
D C  4 3 1  J = 2 , N M 1  
4 3 1  P 0 U T ( J j = C 3 ( J ) * X L ( J l * X L ( J ) * A 8 S ( ( U 3 ( J + l j - U 3 ( J - l ) ) / D Y T ( J ) )  
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P C L l ( 1 ) = 0 . C  
P C l i K N  )  =  0 . C  
I F  ( H 7 . L T . 2 . ) G Û  T C  £ 0 0 0  
I  F  ( K C I  . L E . l ) G 0  T C  3 5 0 0  
X K G = H 1 * U 3 ( J D E L C + 1 ) * * Z  
3 5 0 0  L  J  1  =  - 1  
L  J C  =  - 1  
9 A f i  =  C E L X F / C E L X  1  
B E 8 = 2 . * 0 E L X e / 0 E L X T  
N J K 1 = N J 1 - 1  
N J K 2 = N J 2 + l  
O C  4 0 5  J J J = N J K 2 , N J K l  
I F i K C I  . L E  . 1  ) G 0  T C  7 1 1  
I  I  =  -  1  
I F C L J I  . G T . O . A N C . L J C . O T,0) G O  T C  a O l  
1  F ( L J O  . O T . C ) G 0  T C  7 8 0  
7 1 1  J = J J J  
J P L = J + 1  
J K L - J - 1  
7 2 C  D E Y = Y { J M L ) - Y ( J )  
D F V = Y ( J ) - Y <  J P L )  
D T Y = Y ( J M L ) - Y ( J P L )  
E F = 4 . * Y ( J ) * C T Y * C F Y * C 8 Y  
C A 1 = E F « 0 2 ( J ) * U 2 ( J  J  
E A Z = D e L X T * C e V * ( Y (J) + Y (JPL)) * ( P K ( J ) + P K ( J P L ) ) * d 8 B  
E A 3 = 0 E L X T * C F Y * ( Y (J J  t Y i  JML) ) * ( P K ( J ) + P K ( J M L ) ) » B 8 B  
V V P P = V C J J  
E B 1 = - E F * C 2 ( J ) * C E L X T * V V P P * ( X K N 2 ( J P L ) - X K N 2 ( J M L ) ) / D T Y  
E B 2 = 2 . » D £ L X T * D B Y * ( Y ( J ) • Y i  J P L ) ) * ( P K ( J )  +  P K ( J P L ) » • ( X K N 2 ( J P L ) - A A A *  
I X K M  ( J ) )  
E B ^ = 2 . # 0 E L X T * 3 F Y * I V ( J ) + Y ( J M L ) ) » ( P K ( J ) + P K ( J M L ) ) * ( X K N 2 < J M L ) - A A A *  
S X K h 1 ( J ) )  
e 8 4 - E F » D 2 ( J  ) * U 2 ( J ) » X K N 1 < J )  
X K K K = S C R T ( ( D 8 Y * X K N 2 ( J P L ) + D F Y » X K N 2 ( J M L ) ) / D T Y )  
E G = - E F * 0 E L X F * D 2 ( J ) * S T L F * X K N 1 ( J > • X K K K / T A ( J )  
E T = E F * C E L X B * C 2 ( J ) * E T L F * X K K K / T A ( J )  
E T l = E F * D E L X T * T V ( J ) * ( A e S ( U 2 ( J P L ) - U 2 ( J M L ) ) / D T Y ) * » 2  
X K N 3 ( J ) = ( E B 1 + E E 2 + E E 3 + E B 4 + E G + E T 1 ) / ( E A 1 + E A 2 + E A 3 + E T )  
I  F ( K C I . L E . 1 ) G 0  T C  4 0 5  
I F < I I . C T . O ) G G  T C  7 £ 5  
I F { X K k J < J )  . L E . X K O L  J O = J  
I  F  ( L  J C . G T  . 0  ) J < K N 3 (  J  ) = X K G  
I F < L J G . G T . C  ) E E C = X K N 3 { L J C )  
7 8 C  I F t L J I . G T  . 0  ) G a  T C  4 0 5  
J  =  N J K 2  + h J K l - J J J  
J P L  = J -  1  
J W L = J +  1  
I  I - l  
G C  T O  7 2 0  
7 6 5  I F ( X K N 3 ( J ) . L E . X K G ) L J I = J  
I F ( L J I  . G T  . C  ) X K N 3 ( J ) - X K G  
I F < L J I  . G T  . 0  ) E P I = X K N 3 ( L J I )  
4 0 =  C C N T I N U E  
I F i K O I . L E . 1  ) G 0  T C  4 0 7  
I F C L J J  . E G . L J O ) X K N 5 ( L J I )  =  ( E E I t E E 0 ) / 2 .  
e O l  K C E L I - I J I  
K D E L G = l J O  
K C I = K C E L I - K D E L C  
I F C K C I . L E . l ) C 0  T C  4 0 7  
L 1 - K C E L O + l  
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V  1 F - ( Y  ( J  } - F :  1 I * C C  1  
I F ( V I F  . L E . 7 0 . J G C  T C  7 0 0 4  
7 0 0  3  C C N T I N U E  
7 0 0 4  N J l = J  
t a F I T E < é . 1 1 0 8 ) N J 1 , N - 2  
1 1 0 8  F C F M A T ( S X t • . 5 1 I C J  
D C  2 0 0 5  J = 2 . N M 1  
X K M ( J  ) = P 0 U T ( J ) * A G S ( U 3 ( J + 1  ) - U j ( J - l ) ) / ( 0 Y T ( J ) * S S S S * * ( 2 . / 3 . ) * D 3 { J ) )  
3 0 0 5  I F ( X K M (  J )  . L T . X K G ) > K N 1 1 J ) = X K G  
K C I = 1 0  
X K M  (  1  1  =  0 .  
XKNl(K)=0. 
X K N £ ( 1 i = C .  
X K N 2 ( N  ) = C .  
X K N 3 ( 1 ) - 0 .  
X K N 3 ( N ) = C .  
PK<1 )=C. 
P K < K i = C .  
W R I T E ( e . 4 9 0 0 ) ( X K N l C K ]  > K = 1 . N M  1  }  
4 9 0 C  F C K N A T ( 1 0 G 1 3 . S )  
G C  T C  £ 5 0 0  
3 0 0  1  D C  3 C 0 Ê  J = 2 . N M 1  
X K N 2 ( J ) = P O U T ( J ) * A e £ ( U 3 ( J + 1 ) - U 3 ( J - l ) ) / ( 0 Y T ( J ) * S S S S * * ( 2 . / 3 . ) • D 3 ( J ) I  
I F ( X K N Z ( J ) . L T . X K G ) > K N 2 ( J ) - X K G  
3 C 0 6  X K N 3 < J ) = X K N 2 ( J i  
W R 1 T E ( € . 4 9 C 0 J ( X K N 2 f K ) . K = i , N M l )  
5 5 0 0  D C  S e O C  
s e o c  P K ( J ) = X M ( J ) + T V ( J ) / 1 . 4 7  
6 0 0 0  C C h T J h L E  
I F ( I C C C N T . L T . 1 ) G C  T O  2 0  
T A { 1 ) = T A U 2 * C C C N / ( C C * U C * * 2 )  
T A ( N ) = - T A U 1 * T A ( 1 ) / l A U 2  
G C  T C  2  1  
2 0  T A ( N ) = T A U 1  
T 4 ( 1 ) = T 4 L Z  
2  1  C C N T I N L E  
I F ( H T C . L T . O . ) G C  T C  5 0 0  
O G  5 0 2  J = 2 , N M 1  
E K ( J ) = X K ( J ) + T V ( J ) » C ( J ) / H T C  
5 0 £  C C h T I N l E  
5 0 0  C C N T I N t i E  
I F < J C I  . G T . l  ) U E  =  U P C 3  
I F { J O  I . L E . 1 > U E = L 3 t  J D E L C )  
O E L l - P E L T A I  
D E L 2 = D E L T A C  
R E T U R N  
E N C  
S L B B C U T I N E  T f M N S  1  <  f  E X  ,  K  E T  I  . R E T  C  ,  X D  I  £  T  .  O X D I  S T  ,  H 1  )  
C 4 # * 4 4 $ 4 4 * 4 * # * * * * * * * * * * Y P A N S 1 T I 0 N  C A L C U L A T I C N S * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C O M M C N / T P A N E / X T R 1  .  X T R 2 . X T R E 1  » X T R E 2 . R E X T R I . R E X T R 2 . X L M D A 1  . X L M D A 2  
I F ( P E X  . L T . k l ) R E T L F h  
R T H T R = 1 . 1 7 4 * ( l « + 2 2 4 0 0 . / R E X ) * R E X * * 0 . 4 6  
I F ( X T R I . G T . 0 . ) G C  T C  1 0  
R T t - R  = K E T I  / R T t - T K  
I F ( R T H R  . G E . 0 . < ! 9 ) > 1 R 1 = X D I S T  
I F ( X T R l , t T . O . ) F E X T K l = R E X  
I F ( X T R l . G T . O . ) t » R I T E  ( &  . 4 0 )  0 X 0 1  S T  .  R E  X T R 1  
4 0  F C P M A T  ( l O X . • T R A N S I T I C N  A T  I N N E R  W A L L  = ' . 2 G 1 5 . 6 >  
1 0  I F ( X T R ê , C - T . O . ) P E T t F N  
R T H R  = K E T O  / P T J i T K  
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IF(RT(-P.GE.C.9<i)XrP2=XCISr 
IF(XTKZ.GT.C.)FE*TR2=REX 
I r (XTR2.CT. 0. ) WP I TE (6 . 50)OXOl3T, fiEXl«2 
5C FCPMAT (1 OX, 'TRANSn ICN AT CUTER WALL -'.2Ll5.b) 
RETLP N 
END 
SUBRGO TINE TRANS2(FEX.RET I .RETOtXDlGT.OXDIST) 
COMMCK/TPANS/XTRl ,XTRZ.XTHEl ,XTRF2,REXTR1 ,REXTR2.XLMUA1 ,XLPDA2 
IF(XTPE1.GT.O.)G0 10 10 
XTRE l = XTRl + 5.*(XCIET/HEX)*REXTP1**0.8 
IC IF(XTRe2.GT.0.IRETLRN 
XTRE2=XTR2+S.»(XCIST/REX)*REXTR2»*0.8 
RETURN 
END 
S U B R û t r i N E  UMTPANtXDIST.UE.GAPATl ,GAMAT 2.XME1,XME2.DE 1.DE2, 
SDC.VC) 
CCMMCN/TPANS/XTRl .>TW2 ,XTREl.XTRE2,fiEXTRl .REXTR2.XLMDA1.XLMDA2 
GAMAT1=0. 
GAMAT2 =0. 
IF(XTRl.EC.O.)GC TC 22 
IF<XCI ST.GT .XTfiEl )Ca TC 22 
IF(XLHCA1.LT.0.)XLKCA1=(XTRE1-XTR1)"»0.2115 
GAMATl=l.-cXP(-0.4 12*((XOIST-XTRl)/XLMDA1 )**2) 
2 2  I F ( X T R ; . E Q . C . ) P E T L F N  
IF(XCIET.GT.XTPE2)RETURN 
IF(XLMCA2.LT.O.)XLfDA2=(XTRt2-XTR2)*0.2115 
GAMAT2 = 1.-EXP(-0.4 12*((XDI ST-XTR2)/XLMOA 2 )*»2j 
RETURN 
ENC 
SLERDlj TINE GMT RAN ( X DI S T .  UE .  G AM AT 1 .  C AMA T2 .  XME l.XME2»DEl.DE2. 
SDC.VC) 
COMMCN/TRANS/XTRl.XTR2,XTREl .XTRE2.REXTR1 , REXTR2.XLMDA1.XLMDA2 
GANAT1-0. 
I F(XDIST.LE.XTRl)GC TC 10 
I F(XLMCAl.LT.O.)XLVCA 1=(XTRE1-XTR1 )*0.211E 
G ANATl =1 .-EXP(-0.<I12»( ( XU I ST - X T R1 ) / XLMD A 1 J • •2) 
10 WRITE(€.7)>LMDA1,GAMAT1.XTR1.XTREl 
7 FCPMAT (4G13 .5) 
RETURN 
END 
SUERCUTINS VPRQP 
€****#*#«*4*4***********4VARIA8LE PRCPERTIES************************************ 
COMMCN/VMP/PI ,XMAS Î.DELPT 
CCMMGN/T UR8/XL<101).TA(101).TV(101).POUT(101),UST1,UST2.GCCN.DD1. 
S0D2,AP ,VCKC .XJIST.CUDYG.OUDYItTAUl ,TAU2 
COMMCN/MTF/XM( 1C 1 )  ,XK(101).HTC 
CQNVCN/AHMADI/TI(1C1).T2(101),T3(101».TW2.TW1,JTOEL,TBThIC.OORIN, 
SDTOYO.CTDYl .  TCCNV,>KCCNV.TME AN.XTMEAN,OCV .  CCD.HAVE2.HAVE1 
CCKNCN / U P M/FCCN.GC.BET A,UGF,FDV 
COfMCN/STUPID/LCPT.NSM1.PSA.PSB» PSC.PSD.XCCNV,S1.S2 
C  CMWCN/NAILA/ThEPK.CPVAR.DVAR.CVISC.DMEAN .CPMEAN . V M EAN,XKMEAN, 
ÎUC.VO.CO.TCïPSTAPt.HTK.CPCCN 
CCNKCN/Hh-HH/H , t-2 .H3 , H4 , H5 ,  H6 .  H7 , H8 .  H9 .  H 10 
COMMCN/LATE/M.MH.N ,NM1.NM2,NY.R1.R2.DYB( 101).DYF(101J.DYT(101). 
$Y(101),YF(101) .YEdOD.RdOl) 
C CMMCN/MPVX/Ul (101),U2(101).U3(101).V(101).EV(101).EK(101).EVF( 101 
*  »  .  E V e (  101 )  .EKF( 101), EK 8(101).Dl(10l),D2<101). 03 (101).CdOn.NS, 
SICCUNT ,0£LXF .DELXfc ,DEL XT .  DELPP .  POR CF , PC , PP 
CCMMCN/XBIRTH/PRc AC,PWRITE.STLF,XC1,XC2.OELl,0EL2.UE,CHECK.RED 
IJ=N-JTDEL+1 
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I F(0U6IN.LÎ.0. » IJ = JTDEL 
IF(CV1SC.LT.O.>GC TO 51 
VMEAh=VlSC(TMEAh.TCCNV.TO.VO)*VC 
DO 1 J=1.N 
IF(COP IN.NE.0..ANC.J.GT.IJ)G0 TO 51 
K - S-J-» 1 
IF(GOKIN.LF.O.)K=J 
1 XV(K)=\ISC t T 3(K) , ICCNV.TO.VU J 
5 1 IF(THEfiK.LT.O.)GC TO 101 
XKMEAK = THCNL (TME AN .  TCCN\/, T C t XKCLNV ) •XKCCNV 
DC 55 J=ltN 
IFiCGfilN.NE.O. .ANC.J.GT.IJIGC T C  1 0 1  
K-^-J+ 1 
IF(CORIN.LE.0. )K=J 
5 5 XK(K)=THChL(T3(Kj,TCONV.TC.XKCCNV) 
101 IF ( C V A P . L T .0.)GC IC 201 
DMEAr=PHC(TMEAk.TCChV.TC,CC)*DC 
DO 110 J=1,N 
IF(CCfiIN,NE.O. .ANC.J.GT.IJ )GC TO 201 
K=N-J+1 
IF(COP IN.LE.O. )K = J 
110 D3( K )=FHC(T2(K).TCCNV,ru.DO) 
201 IF (CPVAR.LT.Ot)GG IC 301 
CPMEAN=CPCTMEAh,TCCNV,TO,CFCCN)*CPCCN 
DC 251 J=ltN 
IF(OOP IN.NE.0..ANC.J.CT.IJ)ÔC TC 301 
K = N-J+ 1 
IF(CORIN.LE.O.)K=J 
251 C(K)-CP(T3(K),TCChV.TO.CPCCN) 
301 CCNTINLE 
IF(FCCN.NE.O.)BETA-FBETA(TMEAN.TCONV,TC) 
pp= VMF />N*CFMEAN/ XKfEAN 
RE0=2.•XMASS*VC/(F I•(R1+R2i*VMEAN) 
IF (LCRT.LT.O)JC TC 50 1 
EV(1)=XM(1) 
EV(N)=XM|NJ 
EK{1> = >K(U 
EK<N) = X K ( M  
GC TC Î02 
501 CCMINUE 
DC 4SS J=1,N 
IF(CJCRIN,N£.0. .ANC.J.GT.1J)G0 TO 502 
K=t-J+1 
1F(CCPIN.LE.O.)K=J 
=V(K)=XM(K) 
499 EK(K)=XK(K) 
eoz CChTINLE 
RETURN 
ENC 
SUBFCLTINE TEMP 
FOR GASES ************************************ 
CCMMCN/XKEN/XKNl(ICI) .XKN2(101i.XKN3(10i )  .PK(101).KOI.NJlfNJ2.XDH 
CCMMCN/HHHH/Hl,F2.H3.H4.H5.H6 tH7.H8.H9.H10 
CCMMCN/XeifiTH/PRE AC.PWRITE.STLF ,XC1 -, X C 2. DEL 1 ,  DEL 2 .  UE t CHECK .RED 
COKMCN/XNEh/TAlP .TA2P.hAVE1P.HAVE2F.T3PL 1.T3PL2 
CCVVCN/PRCBE/PIA.FIE.PTC.PTD 
COMMON/LATE/M.MW.h.NMl.NM2.NY«R1,R2,DVB(101)fOYF( 101 »,OYT( 101), 
£Y(101).YF(101).VE(101).R(101) 
CCMWCN/MFVX/Ul(101).U2(101),U3(101).V(101),EV(101).EK(101).EVF(101 
*).EVB( 10 1 ).EKF <101).EKB{101>.01(101).02(10U.03(101)«C(101).NS, 
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S ICC UNI .DELXF.DELXE.DELXT.OELPP.PDHCP.PC.PP 
CONMCN/VMP/FI.XMASS.DELPT 
C C F M C N / A H M A C I / N ( 1 C 1 ) , T 2 ( 1 0 1 ) . T 3 ( 1 0 1 ) . T W 2 , T W 1 , J T D T L , T B T H I C . U O R I N .  
Î D T C Y C . C T D Y I  T T C C N V , > K C C N V . T M T A N , X T M Ë  A N . Ù C V , C C D , H A V E 2 . H A V E 1  
CCNMCN/DEL/JDEL , JCELI , JDEUL. CEI. R' IN . I; T. L T A I . DEL T AU . MN , OXF , VJS . V JF . 
$DXFM ,CCC 
CC*NCH/NAILA/THEAK,CPVAR, ÛVAR, C V 1S C , IJM E AN , CPMEAN , VMEAN.XKMEAN, 
IUA .VC.CO «TC .PSTAST .HTK .CF'CF.N 
C CMMTN/OTUPLD/L.UI?T ,NI.M 1 , f b A , Po li , Plj ( . ('i.tl . XCI:N V . L. 1 , S 2 
CCPMCH/UYN/FCCH.GC , UT: T A , UO F , F U V 
CAWMCN/ENERGY/SQC V ,SÛCD ,Ù I I TH'T ANL . HA VE 1 1 .HAVE22 
CALCULATES TEMP PPCFILE FOR THE BCUNOARY CCNDITION OF ALL KINDS 
IF(ICCLNT.NE.1JGC TO 202 
0  1 = 0 .  
SCCV=0.0 
SCCC=0.0 
TMEANI=TC/TCCNV 
HAVELL=0.01 
HAVE22=0.01 
I F ( C C F I I N . L T . o . ; H A V E I I  =  O .  
IFCCCFILN.GT.O.)H*VE22=0. 
IF <TIM .LT.O.0)HAVE11 = ABS(THL )/((T1 (N)-TME ANI)*TCCNV) 
IF (TW2 .LT .0 .0)HAVE22-ABS( T U2 ) / T ( T1 ( 1 )-TME AND •TCCNV) 
202 CCNTINLE 
ÎF{ ICCLNTCGE,NS)CC TO 550 
ÇTANC EXFL ECNS 
DÛ 505 JJJ=2,NN1 
IF(OCKIN.LE.0.)G0 TC 720 
J+1 
JFL=J-2 
JWL=J+1 
GC TC 722 
72C J = J J J  
JPL =J+ 1 
722 OFV=Y(J)-Y(JPL> 
D B V - Y ( JMLJ - Y ( J)  
OTY=Y(JML)-Y(JPL ) 
TF = 2.0 4Y(J)*JFY*CE\*DTY 
TA = TF*C1(JJ*U1 (J)*C<J) 
TQ1=0ELXF» D 8 Y  *(Y(J)+Y(JPLI)*IEK(J)+EK(JPL))*(TL(JPLF-TL( 
IJ ) ) 
TE2=DELXF* DFY • ( Y ( J ) «• Y ( JML ) J  « < EK < J ) + EK ( JML ) )  •  (  T  1  ( J ML )- T 1  (  
$ J ) J 
VVFP=V(J) 
TE3=TF » Û E L X F » D  Î(J )*VVPP*C(J)•(T1(J ^ L>-T1 (J)) / DBY 
TS« = TA*T1{J ) 
TC1=-TF*U1(J)*CELPF 
TCZ=TF#DELXF*EV(J)4(AES((UL(J)-UL(JML))/ÙBY))**2 
T2(J)=(T0I+TB2+7B3<TD4TTCL+TC2)/TA 
T3(JJ=T2(J> 
IFICCPIN.EC.O .JGC TO 505 
IF( J.ËC.2.CF. J.EC.)G(J T a  5 0 5  
X=12(J)/T2(JML ) 
IF(X.GE.0.9Ç999JGC TC 574 
505 CCNTINLE 
GC TC 784 
550 CCHTINLE 
C-F ÇCNS 
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***ST LINE FIT*** 
TT(1)=T3(2)-DTCYC4CYF(1) 
r3SL2=13(1) 
tF(SILF.LT.O.)Tj( 1)=T3FL2 
1F(STLF.LT.0.)TJFL<=T3SL2 
TZ(11=13(1j 
IF(ICCiUNT.LT.NSMl>Tl(l)=T2(l ) 
62^ IF(TK1 .GI.C.O)GO TC 83 1 
OTOYI-Thl*XCCN\/(EK(N)*XKCCNV*TCCNV) 
IF( ICCLNT.C-F. JEITKN) = T2( N ) 
T3<N)=(DTDY I-T3(NN1)»Pre- r 3 (NM2)*PTC- T 3 (N-3)*PT0)/PTA 
r:FL1 = 73(N) 
***ST LINE F IT*** 
T3(Nj=T3(\kl)-DTCVI*DYe(N) 
T3SL1=73(N) 
IF(STLF.LT.0.)T3(N)=T3PL1 
IF(5TLF.LT.0.)T3FL1=T3SL1 
T2(N)=13(N) 
IF ( ICtjLNT.LT.NSMl )T1 (N »=T2<N) 
831 CChTINlE 
S 1=0 .0 
S2=0.0 
DC 500 J=l.tMa.2 
WF2 = CYT(J + 1 )/DYF(J-»l) + (DVI (J + 1)/3.0-DYB(J+1»/2.0) 
WF1=OYT(J+U*»2.0/<2.0«DYB(J+1 )j-WF2*DYT( J + 1 )/DY8( J + 1 ) 
WF0=CYT(J+l)-WFl-*F2 
S L V 1 = C ( J ) * D 3 ( J ) * U 3 ( J ) * Y ( J )  
SUf2-C(J*-l >  * 0 3  (J+1 )*U3( J+ 1 )*Y( J+ 1 ) 
SUP3-C ( J + 2 ) *D3(J + 2)*U3 (Jt<i)»YiJ + 2) 
S U N n  = SUMl*T3( J) 
S U M £ 2 =  S U N ' S *  T 3 (  J +  1  )  
S L M 3 3 = £ U I « < 3 * T 3 (  J + 2  1 
SI=S1+MF0»SUM1+Wfl$5UM2+WF2*SUM3 
900 S2 = 32 + *FC*SUM1 1 •»F 1 *SUM22+WF2* StM32 
TMEAN=£2/S1 
XTMEAN=TMeAN*TCCNV 
QC-2.0«PI»S2 
IF{Th£.L7.0.0)H/»VE2=AHS(TW2J/((T3( i ;-T f<EA N ) •7CCNV ) 
IF(Th2.LT.Cr)HAVE2F=ABS(TA2)/((T3PL2-TKHAN)*TCONV) 
IF(TVs2.EC.0.)HAVE2 = 0. 
IFl7U2.i£Q.C.)HAVE2F = 0. 
IF(Tk2.LE.0.0IGL TC 903 
D IDYC=PoA*T3( 1 )<-PSfc •T3( 2) tP3C*T3( 3)+PSD*T.3(4) 
HAVE2F=-EK(1)*XKCChV»DTDY0/(XCCNV»(T3(1j-TMEAN») 
***ST LINE F IT*** 
0TDYC=(T3(2)-T3(1))/DYF(1J 
HAVE2=-EK(l)*XKCCkV*D70YO/(XCCNV*(T3(l)-TPEAN)) 
HAVE2S=HAVE2 
IF(STLF.LT.0.)HAVE2=HAVE2P 
IF(STLF.LT .0.)hAVE2P=HAVE2 S 
IF(HAVE2.LT.O.CJHA^E2=C.O 
903 CCNTINCE 
IF(TWl.LT.0.0>HAVEl=AbS(TWl)/((T3(N)-TVEAN)*TCGNV) 
IF(TI*1.LT.0.)HAVE1F= A6S(rkl)/( ( T 3PL 1 - T WE AN ) • TCCN V ) 
IF(TI*1.EC.0.)HAVE1=0. 
£F<TI»I .EC.C .»HAVElF-0. 
I F ( Thl .LE.O .0)GC TC 902 
0TDYI=PTA*T3(N)+PTE*T3(NMl)+PTC*T3(Nk2)+PTD*T3(N-3) 
HAVE1P = -EK(N)«XKCCNV*DTDYI/( XCCNV*(T3PL1 -TMEAN) ) 
***ST LINE FIT*** 
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0 T D Y I = ( T 2 ( S % 1 ) - T 3 f h ) ) / 0 Y 8 ( N )  
H  A V E 1 = - - E K (  N  ) * X K C L h V * O T D Y l / ( X C C N V * (  T  3  (  N  ) - T  M E  A N  )  J  
H A V E l S = H A V E 1  
I  F ( S T L F . L T . 0 . ) H A V E 1 = H A V E 1  P  
I F ( S T L F . L T . O . ) h A V E l P = H A V E l S  
I  F ( H A V E 1  . L T . O . O ) t - A V E l - C . O  
9 0 2  C C N T Ï N t E  
a W Z = ( H A V E 2 + H A V E 2 2 ) * ( T 3 ( l ) + T l ( l ) - T M f c A N - T M E A M ) * R 2  
O h l  =  ( H A V E l  +  F A V E l  1  J  •  (  7 3  (  N  )  T 1  (  N  )  -  T M  E  A N - I M E  A N  1  )  * R  1  
a C V  =  { C C - C I )  * X K C C t V * X C C N V * T C C N V  
O C O = P I * D £ L X F * ( C k l + C W 2 ) * T C 0 N V * X C C N V * X C O N V / 2 . 0  
I F ( J C C C N T . E C . l ) C C V = Q C C  
S Q C V = S C C V + C C V  
S G C O = S C C C + C C D  
H A V E l l - H A V E l  
H A V E Z 2 - H A V E 2  
Q I - C C  
T N E A M  = T M E  A N  
R E T U R N  
E N D  
F U N C T I C N  F E E T A ( T T , T C C N V . T O )  
C  B E T A F C R  A I R  
C  U N I T S  1 / F  
F B E T A - 1 . / ( T T * T C C N V  J  
R E T U R N  
E N D  
F U N C T I C N  T H C N L ( I T . T C C K V . T O . X K C C N V )  
C * *  T H E R M A L  C O N C l i C  T 1  V  I  T  Y  F C R  A I R  
C  U N I T < = C I P E N S I C N L E S S  
D A T A  Z  1 . 2 2  . Z 3 / 1 . e 2 «  1 8 E - 0 3 . 2 4  5 . 4 , 1 2 . /  
T - T T + T C C N V / 1 . 8  
T H C N L = 2 1  * S G R T  t  T  )  /  (  (  1  .  +  2 2 »  1  0  .  • »  (  - 2 3 / T  ) / T  )  » 3 6 0 0  .  • X K . C C N V  )  
R E T U R N  
E N D  
F U N C T I C N  R H C ( T T . T C C N V , T C , D C )  
C  * *  D E N S I T Y  C F  A I R  
C  U N I T S = D I P E N S I C N L E S S  
R H C =  l C / <  T T ^ T C C N V i  
R E T U R N  
E N D  
F U N C T I C N  V I S C ( T T  .  T C C N V  , T 0 . v a )  
C *#** VISCOSITY OF AIR 
C LMT£ = DIMEN3ICNLESS 
J A T A  2 1 . Z 2 / 0 . 9 7 G e 5 E - 0 6 , 1 1 0 . 4 /  
T  = T T * T C C N V / 1 . 8  
V  I S C = Z l ^ S Q R T t T ) / < (  1 .  +  Z 2 / T ) » V C )  
R E T U R N  
E N C  
F U N C T I C N  C P ( T T  . T C C N V , T G . C P C C N )  
C  * * * * *  S P E C I F I C  H E A T  C F  A I R  
C  U N I T £ = O I M E N S I C N L E S S  
D A T A  2 1 / 0 . 0 5 /  
C P = < T T * T C C N V / T C i * * i l  
R E T U R N  
E N D  
S U E P C U T I N E  T E M F  
C * 4 * * * * « * « 4 « 4 * * * * 4 * * * * * * * T E M P  F O R  E T H Y L E N E  G L Y C O L * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C C M M C N / X K E N / X K M  ( I C I )  . X K N 2  (  I  0  1  )  .  X K N 3  ( 1  0  1 )  .  P K  (  1 0  1  >  .  K O  I  ,  N J 1 . N J 2 . X D H  
C C M M C N / H H H H / F 1 . F  £ . H 3 . H 4 . H 5 . H 6 « H 7 . H 8 , H 9 . H  1  0  
C C M M C N / X e i R T H / P R E A C . P W R I T E . S T L F , X C l . X C 2 . D E L ! , D E L  2 , U E , C H E C K , R E D  
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CCMMCN/XNEh/TA IP. T/!2P. HAVEIP, HA VF.2P, T JPL 1 .T3PL2 
ccKiucN/pficaE/PiA.Fie.PTc.pro 
COMMCN/L ATE/M, .N ,NM1 , . NY, S 1 .t -ii'.lîYBC 10 1 » .  OYF <101).DYT<101). 
SY(101I,YF(101) , YE (101) .R< 101 j 
CCMMCN/MPV/X/Ul (101).U2(101).U3(101).V(10J).EV(101).EK(101J,EVF(101 
• ) »F.Ve( 10 1 ) .EKF {101).eKB(10U,Dl(10l).D2(101).DJ(101).C(101).NS. 
SICCUNT.DELXF.DELXe.DEL XI,DELPP,PORLP.PC,PP 
CCMMCN/VMP/Fl .>MA£ S.DELPI 
C C P M C N/AHMADI/Tl(101 ) T T 2 ( 101).T2(101).TW2.TW 1.JTOEL,TBTHIC.ÛORIN. 
Î D T D V C .  C T O Y I  . T C C N V  .  >  K C C  N V ,  T  ME AN .  X  T M  E/iN .  C C  V  ,  Q C  0  .  H  A V  E 2  ,  H  A VE 1  
CCKMCN/DEL/JOEL,JCELl.JOELC.DEL M IN.DELTA 1.DELTAO,MN.OX F,VJS.VJF, 
ÎOXFM ,CCC 
CCf VCN/NAILA/THEfiK ,CPV AR, 3VAR. C V IS C .  C M  E AN , CPME AN, VM£ AN . XKME AN . 
$Ua,V0 . C G . r C.PST / l R 7,HTK,CPCCN 
CCt'MCN/STUPID/LORT .NSM l.PSA, PS E , PS C . PSD , XCCN V , S 1 , S 2 
CCkMCN/UKM/FCCN,GC , BETA,UGF,F0V 
CCMMCN/cNERGV/SQCV , SQC0,QI.TMEA M,HAVE11 ,hAVE22 
C A LCULATES TEMP FEGFILE FOR THE B C U N O A R Y  C C S C I T I C N  C F  ALL KINDS 
IF(ICCtNT.NE.lJGC 10 202 
G I •— C • 
see V=0 .0 
SGCC = 0 .0 
TMCANl-TC/TCCNV 
HAVEl1=0.01 
HA\/E22=0.0l 
IF ( CCF. XN.LT .0. )HAVEll-0. 
IF(C0PIN.GT.0.)HAVE22=0, 
IF(TUl.LT.0.0)HAVEll=A8S{Thl )/{(Tl (M-TMEAN1)*TCCNV) 
IF(TW2.LT.0.0)HA\,EZ2=ABô(TW2)/((Tl(n-IMEANl)*TCCNV) 
£02 CCMINLc 
IF ( ICCLNT.GE.NS )C-C TO 550 
STANC EXFL ECNS 
DC EOS JJJ = 2 . N A < 1  
IF(COR IN.LE.O. )GC TO 720 
J=N-JJJ+1 
JFL = J- 1 
JNL = J<- 1 
GC TC 722 
720 J=JJJ 
J PL = J + 1 
jyL=j-i 
722 DFY=Y(J)-Y(JPLJ 
D ev = Y(JML)-V(J i 
0 ry = Y(JML)-Y(JPL > 
T F = 2.D*Y(J) • D F V * C E 1*DTY 
T A = T F * C 1 ( J ) * U 1 i J ) * C ( J )  
T31 = DELXF+ CBY •( Y ( J ) <• Y ( JPL J ) *• ( EK ( J )+EK ( J PL ) ) * ( T 1 ( JPL » -  T1 ( 
ÎJ ) ) 
TG2 = CFLXF* OFY <=( Y ( J ) + Y ( JM L ) ) « ( E K ( J )+EK ( J ML ) ) * ( T 1 ( J ML ) - Tl ( 
S J) J 
V\/PP=V (J » 
TE3=TF*JELXF*01(J)*VVPP*C(J)+(Tl(JVL)-Tl(J))/DaY 
TB4=TA*T1(J) 
TC 1 = 0. 
rC2 = TF*DELXF*EV(J)4(AES(( Jl(J)-Ul( JMLi J/OPYJ )»*2 
T2(J) = <TBl + TB2 + Te24TB4+TC1+TC2 >/TA 
T2(J)=I2(J) 
IF(CCFIN.EC.O .)GC TO 505 
1 F(J .EC.2.LR.J .EC . hMl »GC TO 505 
X = T2<J )/T2< JML ) 
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IF(X.GE.O.SS99Ç)Gt TO 5/4 
505 CCNTlNtE 
GC fC 784 
£50 CtNTINUE 
C C-F ECNS 
806=2. 4 0 E L X e /DELXT 
A/l A = 2. •DELXF/DELXV 
DC 560 JJJ=2.NMl 
IF(CORIN.LE.O.)GC TC 740 
J=N-JJ J+1 
JFL=J-1 
JPL=J+1 
GO TO 74 2 
740 J=JJJ 
JPL=J+ 1 
JNL=J-1 
742 DFy=V(J»-V(JPL J 
ÛBV=V{JML)-Y(J) 
OTV=Y(JML)-Y(JPL) 
TF = 4.0 4Y(J)»DF Y*Cet*DTY 
TA1=TF*02(J)*U2(J)*C(J) 
TA2=CELXT*(Y(J)tV(JPL))*(ZK<J)+EK(JFL))*DEY#B88 
T A 3 - D E L X T * ( Y ( J j f Y ( J M L ) ) * ( E K ( J ) + E K ( J % L ) ) * D F Y * B e B  
IB 1=0ELXT»(Y(J ) + y(JPL) )«(GK(J)+EK( JPL) )• DBY •(2.0»T2(JPL) 
*-Tl (J)XAAA) 
TB2=DELXT*(Y(J)+Y(JML))*(EK(J)+EK(JNL))* OFY *(2.0*T2(JML) 
S-T 1<J)*A4A) 
VVPP=V<J) 
T E 2 = 0 E L X T * D 2 ( J)*kVFP*C t J ) * T F * l T2(J^L >-T2l JPL) )/DTY 
TB4=TA1*T1(J) 
TC 1 = 0. 
TC2=TF#DELXT*EV(J)*(A8S((U2(JPL)-U2(JML))/DTY))**2 
Ti (J)=(TE1*TB2+T834T84+TC1+TC2)/(TA1+TA2 + TA3) 
IF(CCP1N.EG.O.)GC TC 500 
IF(J.EC.2.CP.J.EC.tMi)GG TC 560 
IF (TETHI C.GE.O .8* (IV2-R1 ) ) GC TO 560 
X = 13(J )/T3(JNLJ 
IF(X.GE.ABS(VJS))CC TC 574 
56 C CCNTINLE 
784 JTDEL=J 
TEThiC =(B2-A1) 
G C  T C  5 9 5  
574 JTCEL=J 
IF(COK IN.LT .0.0)GC TO 760 
TETHIC = y( JIDED-fil 
JJ-JTCEL-1 
DC 575 J=2.JJ 
IF( IC0CNT.LT.NS)T2(J)=TC/rCCNV 
575 T3( J)=TC/TCCNV 
GC TC 59Ç 
7 6 0  J T C E L - J  
TETHIC=R2-Y(JTCEL) 
JJ=JTDEL+1 
DC 580 J = JJ .NM1 
IF(ICCLNT.LT.NS)T2(J)=TC/TCONV 
5eC T3CJ)=TC/TCCNV 
599 CCNTINLE 
IF!ICCLNT.EC.NSMl)CC TO 8 3 8  
DO 630 J=2.NM1 
T1<J)=T2<J) 
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6 3 0  T 2 ( J ) =  1 3  I J  >  
1  F  (  T t a ; ' . U T  . 0  . 0 )  G C  T C  
U T D Y C - T k 2 * X C C N V / ( E K ( l ) * X K C L N V * T C l N V )  
I F ( I C C C N T . G E . N S ) I l ( l ) = T 2< n  
T 3  t  1  )  =  ( 0 T D Y C - T 3 (  2  )  « P S t 3 - T 3  (  3  )  • P S C - T  J  (  i t  )  « P S ù  )  / P S A  
T 3 F L Z - 1 3 ( 1 )  
C  * # * S T  L  I N C  F  I T * * *  
7 3  (  1  )  =  T 3  ( 2 ;  - D T C Y C * t ;  Y F  (  1  )  
T 3 S L 2 = T 3 ( 1  J  
I F ( S T L F . L T . 0 . ) T 3 (  U = T 3 P L 2  
I F ( S T L F . L T . 0 . ) T 3 F L £  = T 3 S L 2  
T 2 ( 1 ) = 1 3 ( 1 J  
I  F  C I C C L N T . L T . N S M I J T 1 ( 1 ) - T 2 ( 1  J  
8 2 9  I F ( T W J  . 0 7  . 0  . 0 ) G C  T C  8 3 1  
D T C Y I  =  T h  1  +  X C C N V /  ( E K ( M  *  X K  C C N  V *  T C C N  V  )  
I F ( I C C L N T . G E . N S ) T 1 ( N ) = T 2 { N )  
T 3 ( N )  =  ( D T 0 y i - T 3 ( N M 1 j * P T û - T 3 ( N M 2 J  * P T C - T 3 ( N - 3 ) * P T 0 ) / P T A  
T 3 F L 1 = T 3 < N J  
C  * * * S T  L I N E  F I T * * *  
T 3 ( N J = I 3 { N M 1 ) - 0 T C Y I * D Y 8 < N )  
.  T 3 S L 1 = 1 3 ( N J  
I F ( S T L F . L T . 0 . ) T 3 ( N ) = T 3 P L 1  
I F  ( S T L F . L T . 0 . ) T 3 F i 1  =  T 3 S L 1  
T 2 ( N ) = 1 3 ( k )  
I F ( I C C U N T . i . T . N S M l ) T l ( N ) = T 2 ( N )  
8 3  1  C C M I K L E  
D C  8 0 0  J = 1 . N  
T T = ( T 3 ( J J * T C C N V - £ 2 C . ) / 8 0 .  
8 0  0  X K N 3 ( J ) = ( 2 7 . 4 r e 6 + 4 4 . 2 4 * T T + 1 . 6 6 * T T * * 2 + 0 . O 9 3 3 3 * T T * * 3 ) / ( T C O N V * C P C O N )  
S 1 = 0 . 0  
£ 2 = 0 . 0  
D C  5 C C  J = l t N M 2 i 2  
W F 2 = 0 Y T ( J + l ) / D Y F ( J + l ) * ( 0 Y T ( J + l ) / 3 . 0 - C Y B ( J + l ) / 2 . 0 )  
W F 1 = D Y  T ( J + l ) * * 2 . 0 / ( 2 . 0 * O Y d ( J  +  l ) ) - W F 2 * D Y T (  J + 1 ) / D Y B ( J + 1 )  
W F 0 = C Y T ( J + 1 ) - W F 1 - H F 2  
S U M 1 = D 3 ( J ) * U 3 ( J ) * V ( J )  
S L W 2 = D 3 ( J + 1 ) * U 3 ( J + 1 ) * Y ( J + 1 )  
S L M 3  =  C  3 { J « - 2 ) * U 3 ( J  +  2 ) * Y < J  +  2 )  
S U M  1 1 =  £ U M 1 * X K N 3 { J )  
S U M 2 2 =  £ U M 2 * X K N 3 ( J + 1 )  
S U V 3 3 = S U ( / 3 *  X K N 3 (  J  +  Î  >  
S l = S l  +  k F C * S U y i  +  W F  M S U M 2  +  W F 2 * S U M 3  
9 0 0  S 2 = S 2 + k F 0 * S L M l l + W F ] * S U K 2 2 + W F 2 * S U M T 3  
H B L L K = £ 2 / S 1  
X H E U L K  = H 8 U L K * T C C N \ / t C P C C N  
H 3 = X H B L L K  
A l - 1 . 6 é / 0 . 0 9 3 3 3  
A 2 = 4 4 . 2 4 / 0 . C 9 3 3 j  
A  3  =  ( 2 7  . 4 7 3 6 - X H E U L K  ) / 0 . 0 9 3 3 3  
0 0 = ( 3 . * A 2 - A l * * 2 ) / 9 .  
R R = ( 9 . * A l * A 2 - 2 7 . * A 3 - 2 . # A l * * 3 ) / 5 4 .  
D S  =  S C R T < C Û * * 3 < - F R » * 2 »  
S S = ( D S + R R ) * * (  I  . / 3 . )  
T T = - ( D S - P R ) * * ( l . / 3 . )  
X T T = £ £ + T T - A l / 3 .  
X T P S A N ^ X T T t e O . + 5 2 C .  
T M E A N = X T M E A N / T C C N V  
Q 0 = 2 . 0 « P I * S 2  
I  F  < T H 2 . L T . 0 . 0 ) H A V E Z  =  A B S < T # 2 ) / (  ( T 3 ( l J - T M E A N ) * T C D N V )  
I F ( T W 2 . L T . 0 . J H A V E 2 F = A E £ ( T W 2 ) / ( (  T  3 P L  2 - T  f  E  A M  *  T C O  N  V  J  
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I F ( T T A 2  . E Q . O  . ) H A V £ Z  =  0 .  
I F ( T W 2 . 3 C . 0 . J H A V E 2 F = O .  
I F < T W 2  . L f c . O . 0 ) G C  I C  9 0 J  
D T D Y C = P o A » T  3 ( 1  ) + F 5 E * r i ( 2 ) + P 5 C * T 3 ( 3 l + P S D * T j ( 4 l  
H A V e 2 P = - E K (  n *  X K C C  N V » O T U V i J / (  X C L N  V +  (  I  J  (  1  )  -  T  M E  A N  )  )  
C  * * * S T  L  I N E  F  I T * * *  
D T O Y C = ( r 3 ( 2 ) - T 3 ( l ) l / O Y F ( l )  
H A V E 2  =  - E K ( l ) * X K C C N \ « * D T D Y O / ( X C C N V * ( T 3 ( l ) - T f E A N ) J  
H A V E 2 S = H A V E 2  
I F ( £ T L F . L T . O . ) H A V E 2 = H A V E 2 P  
I F ( S T L F . L T . 0 . ) H A V E 2 P = H A V E 2 S  
I F ( H A V E 2  . L T . 0 . C ) I - A v e 2  =  0 . 0  
9 0 3  C C N T I N L E  
I F ( T h l . L T . O . O ) H A V E l = A d S ( T W l ) / ( ( T 3 ( N ) - T N E A N ) * T C O N V )  
I F ( T k l  . L T . 0 . ) H A V E I f =  A B S ( T h l  ) / {  I T 3 P L 1 - T M E  A N ) • T C C N V )  
I F < T H l l  . £ C . 0 . ) H A V £ 1  =  0 .  
I F ( T k l . E G . 0 . ) H A V E l F = O .  
I F J T h l  . L E . O . O ) G O  T C  9 0 2  
O T O Y I  =  P T A * T 3 ( N »  + P T B * T 3 ( N M 1  )  +  F T C * T 3 ( N  N 2 ) t P T D » T 3 ( N - 3  )  
H A V E 1 P = - E K ( ^ ) * X K C C ^ V » D T O Y I / ( X C C N V * { T 3 P L 1 - T M E A N } J  
C  * * * S T  L  I N E  F I T * * *  
O T D Y I = ( T 3 ( h M l » - T 3 ( h ) ) / C y 8 <  N )  
H A V E 1 = - E K ( N ) » X K C C N V * 0 T C Y I / < X C C N V * ( T 3 ( N ) - T M E A N ) )  
H  A V E 1 S  =  H A V E 1  
l F < S T L F . L T . O . ) H A V e i = H A V E l P  
I F ( S T L F . L T . 0 . ) H A V E 1 P = H A V E 1 S  
I F ( H A V E 1 . L T . 0 . C ) H A V E 1 = 0 . 0  
9 0 2  C C N T I N L S  
Q W 2  =  ( H A V E 2 * l - A V E 2 2 ) * ( T 3 ( I ) + T l ( l  ) - T M E .  A N - T M E  A N  1  )  * R 2  
a W l = ( H A V E l + M A V E l l ) * ( T 3 ( N ) + T l ( N ) - T M E A N - T M E A M ) * R 1  
Q C V = ( C C - G I > * X K C C N V * X C C N V * T C C N V  
Q C D = P I * D E L X F * ( C * 1 + C W 2 » * T C C N V + X C C N V * X C C N V / 2 . 0  
I F <  I C C t N T . E C . l ) C C V - Q C D  
S C C V = S C C V + C C V  
S Q C D = E C C D + C C D  
H A V H l 1 = H A V E 1  
H A V E 2 2 = H A V E 2  
G  I  = C 0  
T M E A M - T M E A N  
R E T U R N  
E N D  
F U N C T I O N  F B F T A ( T T . T C C N V . T O )  
C  C C E F F I C I E N 7  O F  T H E R M A L  E X P A N S I C N  A S  A  F U N C T I O N  O F  
C  T E M P E R A T U R E  < F )  F O R  E T h E L E N E  G L Y C O L  
C  C N I T S  1 / F  
D A T A  X 1 . X 2 . X 3 , X 4  >  C  .  9 2  4 8 4  3  .  6  .  2  7 < ; 6 E - 0  4  .  9  .  2 4  4  4 E - 0  7  ,  3  .  0  5  7 E - 0 9 /  
T C =  ( T M E A h * T ( C N V - 4 S 2 . ) / l . 8  
D T  -  T C - e s . o o  
V O L  = < ( X 4 * C T + X 3 » * C T + X 2 ) * 0 T + X 1  
D V C L  =  ( 3 U 0 * X 4 * D T + Z . 0 * X 3 ) * D T + X 2  
F B E T A =  0 V 0 L / ( 1 . 8 * V C L )  
R E T U R N  
E N C  
F U N C T I O N  T H C N L  ( T T  , 1 C C N  V , T O . X K . C C N V )  
C  T H E R M A L  C C N D L C I I V I T Y  A S  A  F U N C T I O N  C F  T E M P E R A T U R E  ( F )  
C  U N I T S  =  D I M E N S I C N L E S S  
D A T A  X I , X 3  / O . l e Z E  , - 2 . 3 E - 0 4 /  
T = T T * T C C N V - 4 6 0 .  
T H C N L  = ( X 1 + X 2 * T ) / ( > K C C N V * 3 e 0 0 .  )  
R E T U P N  
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F N C  
F U N C T I C N  K H C  ( T T  ,  T C C N V , T O . D O )  
D E N S I T Y  A S  A  F U N C T I C N  C F  T E M P E R A T U R E  ( F )  F C R  E T H E L E N E  G L Y C O L  
L M T S  =  D I M E N S I C N L E S S  
D A T A  X 1 . X 2 . X 3 , X 4  /  C  .  9 2 4 8 4  C 3  ,  6  .  2  7 9 6 E - 0  4  ,  9  .  2  4 4 4 E - 0  7  ,  3  . 0  5 7 E - 0 9 /  
r C = ( T T < T C C N V - 4 9 2 . ) / l . e  
D T  -  T C - 6 5 . Q  
V O L  = ( C X 4 * C T + X 3 ) • C T + X 2 i » D T + X 1  
R H C  =  6 Z . 4 j / ( V O L * C C )  
REÏCF.N 
E N D  
F U N C T I C N  V i s e  ( T T , I C C N V . T C . V O )  
V I S C O S I T Y  A S  A  F U N C T I C N  C F  T E M P E R A T U R E  ( F )  F O R  
E T I - E L E N E  C L V C C L  
L N I T S  =  D I M E N S I C N L E S S  
D A T A  X 1 » X 2 , X 3 . X 4 . X E  / 3 . 8 0 6 6 6 . - 1  . 7 9  0 0  8 6 , 0 .  3 9 5 9 1 2 . - 0 . 0 5 8  7 8 . 0 . 0 0 4 1 7 3 /  
1  .  T O  . D T  / 4 0  c  C  . 6 0 . 0 /  
T I - E T A  =  ( T  T * T C C N  V - 4 6 C  . - T C  > / D T  
V i s e  . =  2 . 4 2 * E X P ( ( ( ( X 5 * T H E T A + X 4 ) * T h E T A + X 3 ) * T H E T A + X 2 ) * T H E T A + X l j /  
3 ( V C 4 3 e C 0 . )  
R S T L R N  
E N D  
F U N C T I C N  C P ( T T . T C C N V . T C , C P C C N )  
S P E C I F I C  H E A T  A S  A  F U N C T I O N  O F  T E M P E R A T U R E ( F )  F O R  F L U I D  
E T H Y L E N E  G L Y C O L  
L N I T S  =  D I M E N S I C N L E S S  
E T 4 - ( T I * I C C N V - 5 2 0 . j / e o .  
C P = ( 0 . 6 5 3 + 0 , 0 4 1 5 C * E T A + 0 . 0 0 3 5 * E T A * E T A ) / C P C C N  
R E T U R N  
E N D  
252 
XVI. APPENDIX H: TABULATION OF SOME 
TYPICAL TEST CASES 
Table H.l. Prediction of flow development in an annulas (r* = 0.99, 
= 24.38 mm) at Re = 2x10^  using Model A 
i  % ^  f i  '  
0.5 1.012 4.607 0.0116 0.0060 
1.0 1.019 4.402 0.0181 0.0106 
2.0 1.031 4.130 0.0297 0.0190 
3.0 1.042 3.994 0.0400 0.0266 
4.0 1.052 3.928 0.0492 0.0335 
5.0 1.062 3.884 0.0582 0.0403 
6.0 1.071 3.864 0.0663 0.0465 
7.0 1.080 3.852 0.0742 0.0526 
8.0 1.089 3.849 0.0817 0.0583 
9.0 1.097 3.853 0.0883 0.0635 
10.0 1.105 3.859 0.0954 0.0690 
11.0 1.114 3.870 0.1021 0.0743 
12.0 1.122 3.883 0.1084 0.0792 
13.0 1.129 3.898 0.1141 0.0837 
14.0 1.132 3.914 0.1202 0.0885 
15.0 1.145 3.936 0.1263 0.0934 
16.0 1.152 3.954 0.1320 0.0980 
17.0 1.159 3.976 0.1359 0.1012 
18.0 1.164 3.994 0.1410 0.1052 
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Table H.l (Continued) 
X u CrXlO^  46* 46 
''h % ''h 
19.0 1.164 4.018 0.1411 0.1056 
20.0 1.162 4.043 0.1399 0.1051 
21.1 1.160 4.068 0.1382 0.1042 
22.1 1.157 4.091 0.1360 0.1029 
23.0 1.154 4.116 0.1336 0.1014 
24.0 1.150 4.140 0.1311 0.0999 
25.0 1.147 4.159 0.1287 0.0984 
26.2 1.144 4.181 0.1262 0.0967 
28.6 1.138 4.216 0.1216 0.0937 
32.0 1.133 4.248 0.1174 0.0909 
35.1 1.130 4.264 0.1152 0.0894 
40.1 1.127 4.277 0.1134 0.0882 
46.8 1.126 4.283 0.1126 0.0876 
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Table H.2. Prediction of local Stanton number for hydrodynamically 
developed flow through an annulus (r* = 0.68, = 12.2 
mm) for Re = 20000, = 2582 W/m^ , = 0 
 ^ St X 10^  
h Model A Model B 
1.0 5.900 5.901 
2.0 5.134 5.144 
3.0 4.825 4.871 
4.0 4.665 4.704 
5.0 4.550 4.596 
6.0 4.446 4.501 
7.0 4.380 4.422 
8.0 4.315 4.352 
9.0 4.255 4.298 
10.0 4.195 4.252 
11.0 4.147 4.201 
12.0 4.094 4.161 
13.0 4.052 4.124 
14.0 4.014 4.092 
15.0 3.979 4.063 
16.0 3.943 4.036 
18.0 3.886 3.992 
20.0 3.835 3.962 
22.0 3.785 3.940 
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Table H.2 (Continued) 
 ^ St X 10^  
h Model A Model B 
25.0 3.725 3.916 
30.0 3.638 3.888 
35.0 3.571 3.875 
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Table H,3 Predi cted temperature profile in an annulus. (r* - 0.556, 
76.2mm) at x/D^  = 33 using Model Bj Re ^  32285, 
1^ = 0, qg = 1220 W/m^, inlet temperature = 36.31°C. 
r-ri 
Temperature (°C) r-ri Temperature (• 
2^-^ 1 2^"^ 1 
0.0 40.73 0.4683 X 10' -1 40.90 
0.6989 X 10"^  40.73 0.5338 X 10" -1 40.90 
0.1485 X 10"^  40.73 0.6075 X 10" -1 40.95 
0.2370 X 10"^  40.73 0.6904 X 10" -1 41.01 
0.3365 X 10"^  40.73 0.7837 X 10" -1 41.06 
0.4485 X 10~^  40,73 0.8887 X 10" -1 41.12 
0.5745 X 10"^  40.73 0.1007 41.17 
0.7162 X 10"2 40.73 0.1140 41.23 
0.8756 X 10~^  40.73 0.1289 41.34 
0.1055 X 10~^  40.73 0.1457 41.40 
0.1257 X 10"^  40.73 0.1646 41.56 
0.1484 X 10"^  40.73 0.1859 41.73 
0.1739 X 10"^  40,73 0.2098 41.90 
0,2026 X 10~^  40.78 0.2368 42.17 
0.2350 X 10"^  40.78 0.2637 42.51 
0.2713 X lO"^  40.78 0.2941 42.90 
0.3122 X 10"^  40.78 0.3246 43.34 
0.3582 X 10"^  40.84 0.3550 43.78 
0.4100 X 10"^  40.84 0.3855 44.34 
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Table H.3 cont, 
r-r. 
2^~^ 1 
r-r. 
Temperature (°C) 
2^^ 1^ 
Temperature (°C) 
0.4159 
0.4464 
0.4768 
0.5073 
0.5377 
0.5682 
0.5986 
0.6291 
0.6595 
0.6900 
0.7204 
0.7509 
0.7813 
0.8118 
0.8334 
0.8526 
0.8697 
0.8849 
0.8984 
0.9104 
0.9210 
44.90 
45.56 
46,23 
46.95 
47.73 
48.56 
49,45 
50.40 
51.40 
52.45 
53.51 
54,67 
55.84 
57.06 
58.01 
58.78 
59,56 
60,34 
61.17 
61.95 
62.78 
0.9305 
0.9390 
0.9465 
0.9531 
0.9590 
0.9643 
0.9690 
0.9731 
0.9768 
0.9801 
0.9830 
0.9856 
0.9879 
0.9900 
0.9918 
0.9934 
0.9949 
0.9962 
0.9973 
0.9983 
0.9992 
1.000 
63.67 
64.56 
65.56 
66. 56 
67.62 
68.78 
70.06 
71.45 
72.95 
74.56 
76.34 
78.28 
80 .28  
82.45 
84.67 
86.78 
88.84 
90.73 
92.40 
93.90 
95.23 
96.40 
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Table H=4 Predicted fully developed velocity profile in an annulus 
(r* = 0,25, F= 170,4 mm) using Model B; Re = 215,000, 
u^  = 21,22 m/sec 
I2i- u_  ^
2^"^ l "b 2^"^ 1 \ 
0.0000 0.0000 0,9655 x lO"^  0.7484 
0.1157 X 10 ^  0.0310 0,1117 x 10~^  0.7681 
0.2481 X 10"^  0.0665 0.1291 x 10~^  0.7869 
0.3998 X 10~^  0.1070 0.1489 x 10~^  0.8050 
0.5743 X 10~^  0.1528 0.1717 x ICT^  0.8226 
0.7723 x 10"^  0.2039 0.1977 x 10~^  0.8397 
0.1000 x lOT^  0.2592 0.2275 x lO"^  0.8563 
0.1261 X 10~^  0.3164 0.2617 x 10~^  0.8728 
0.1559 X 10~^  0,3728 0.3008 x 10~^  0.8889 
0.1901 X 10~^  0.4261 0.3456 x 10~^  0.9049 
0.2292 X 10"^  0.4750 0,3968 x 10~^  0.9205 
0.2740 X 10"^  0,5192 0.4555 x lO"^  0.9360 
0.3253 X 10~^  0.5587 0.5227 x ICT^  0.9511 
0.3841 X 10 ^  0.5942 0,5997 x 10~^  0.9660 
0.4513 x 10 ^  0.6261 0.6878 x 10~^  0.9807 
0,5283 X 10"^  0.6,548 0.7887 x lO"^  0.9949 
0.6165 X 10"^  0,6811 0,9042 x 10~^  1.0087 
0.7175 X 10"^  0.7051 0.1036 1.0222 
0.8331 X 10"^  0,7275 0.1188 1.0351 
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Table H.4 cont. 
r-r. 
2^ 
r-rv 
"2-^ 1 
u  
u .  
0.1361 
0.1560 
0.1787 
0.2014 
0.2325 
0.2636 
0.2946 
0.3257 
0.3567 
0.3878 
0.4188 
0.4459 
0.4810 
0.5120 
0.5431 
0.5741 
0.6052 
0.6362 
0.6673 
0.6984 
0.7294 
1.0475 
1.0598 
1.0725 
1.0832 
1.0953 
1.1048 
1.1117 
1.1161 
1,1184 
1.1187 
1.1170 
1.1136 
1.1082 
1.1013 
1.0929 
1.0830 
1.0716 
1.0588 
1.0449 
1.0297 
1.0133 
0.7605 
0.7915 
0.8226 
0.8452 
0.8650 
0.8882 
0.8973 
0.9104 
0.9219 
0.9320 
0.9407 
0.9484 
0.9551 
0.9609 
0.9660 
0.9705 
0.9744 
0.9778 
0.9807 
0.9833 
0.9856 
0.9956 
0.9771 
0.9573 
0.9423 
0.9284 
0.9148 
0.9010 
0.8871 
0.8728 
0.8586 
0.8442 
0.8297 
0.8151 
0.8003 
0.7855 
0.7704 
0.7553 
0.7400 
0.7243 
0.7084 
0.6920 
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Table H,4 cont. 
- " ^1 u f^ l^ u 
^ 2 ~ ^ 1  "b 2^ ^ 1 "b 
0.9876 0.6749 0.9977 0,4010 
0.9893 0.6571 0.9981 0.3522 
0.9908 0.6381 0.9985 0,2983 
0.9921 0.6179 0.9988 0.2412 
0.9933 0.5959 0.9991 0.1841 
0.9943 0.5719 0.9994 0.1301 
0.9951 0.5442 0.9,996 0.0811 
0.9959 0,5158 0.9998 0.0379 
0.9966 0.4823 1.0000 0.0000 
0.9972 0.4442 
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Table H.5 Predicted distribution of skin-friction parameter for upward 
laminar flow of ethylene glycol in an annulus (r* = 0.99, 
2 
= 22.23 mm) with inner wall heated (Gr/Re = 110) 
X, 
24 24 
Cf*=b 
24 
0.0001 
0.0002 
0.0005 
0.001 
0.002 
0.005 
0.007 
0.01 
1.104 
1.153 
1.269 
1.388 
1.571 
1.999 
2.233 
2.644 
0.958 
0.937 
0.894 
0.840 
0.753 
0.543 
0.423 
0.202 
1.030 
1.048 
1.081 
1.113 
1.161 
1.269 
1.326 
1.420 
